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Abstract—The study of a fully actuated multi-rotor UAV
robot is very important in the field of infrastructure inspection,
because it needs a dexterous motion, such as a hovering in a
special fixed attitude etc. This paper presents a backstepping
control method for a simplified fully actuated model of a tandem
rotor UAV robot with two 2-DOF tiltable coaxial rotors. An
MIMO vectorial backstepping approach is adopted here,
because the input distribution matrix is a square and
nonsingular matrix. The two-stage control method based on the
Lyapunov second method is presented to stabilize the position
and attitude of the whole system. The static control allocation
problem is also solved by using a Moore-Penrose pseudo-
inverse. Finally, two simulations are demonstrated to verify the
performance of the proposed control method, where one is a
stabilizing problem in which all the desired position and attitude
are to be constant, whereas the other is a trajectory tracking
problem in which the desired positions are time-varying while
the desired attitudes are to be constant.

Keywords—tiltable coaxial rotor, UAV, control allocation,
backstepping control

l. INTRODUCTION

Nowadays, multi-rotor unmanned aerial vehicle (UAV)
robots are going to be applied for human transportation [1],
delivery of goods [2], [3], search and rescue application [4],
[5], infrastructure inspection [6], [7], precision agriculture
[8], [9], photogrammetry and mapping [10], [11], [12], etc.
However, all the rotors of conventional multi-rotor type UAV
robots are fixed to the fuselage in a single plane [13], which
constrains the thrust generated by the propellers and its
translational and rotational movements are coupled and
cannot be controlled independently. In addition, it is difficult
for conventional multi-rotor type UAV robots to maintain a
stable flight in the proximity inspections of bridges and
buildings.

Motivated by the above requirements and to try to control
the translational and rotational movements of the aerial robot
independently, a fully actuated, or redundant actuated multi-
rotor UAV robot concept [14], [15], has been already carried
out to decouple the position and attitude control of the robots
by introducing a tiltable rotor mechanism [16], [17], or fixed
tilt rotor mechanism [18], [19], [20].

However, in most cases, the number of motors including
the tilt actuators is generally over 6. For example, Allenspach
et al. [21] introduced a 1-DOF tilt mechanism for each
coaxial rotor in a hexarotor equipped 18 motors in total,

where they derived a 6-DOF optimal controller with an
actuator allocation approach to implement the task
prioritization. Segui-Gasco et al. [22] proposed to use a 2-
DOF tilt mechanism for each rotor in a quadrotor, in which
12 motors were mounted. The control system they designed
was based on the classical control theory and pseudoinverse
control allocation. As a result, most of control systems in
multi-rotor UAV robots with tilt mechanisms become a so-
called redundant actuated system, so that there have some
redundant DOFs in kinematics to a generalized force for a
given 6-DOF space motion. Solving the rotation speed and
tilt angle of each tilt rotor simultaneously and uniquely is
generally impossible for such a redundant actuated system.

Therefore, Xu et al. [23] already proposed a tandem rotor
UAV robot in which a tilt rotor mechanism with 2-DOF tilt
angles per rotor [24], [25] was arranged in front of and behind
the fuselage, where a coaxial rotor mechanism [26], [27], [28]
was used so as to cancel the anti-torque of the rotor. Hence,
the system model of the UAV robot can be simplified. The
proposed tandem rotor UAV robot was examined to fly in the
air, or to travel on the ground and wall, aiming to provide a
stable flight for infrastructure inspection or for other
applications that need high stability.

In this study, an MIMO vectorial backstepping control
method is applied for designing the control inputs for the
three forces and three torques in 6-DOF motions, because the
input distribution matrix is a square and nonsingular matrix
that can be invertible for such a generalized vector for thrust
forces and torques. Some simulation results of the proposed
UAV robot are given to demonstrate the decoupling control
of the position and attitude and the tracking performance of
arbitrary position and attitude.

In what follows, Section Il introduces the dynamical
models of the proposed UAV robot, together with giving a
solution to a static control allocation problem by using a
Moore-Penrose  pseudo-inverse technique. Section Il
presents the proposed backstepping control method for the
UAYV robot. Some simulation results are given to show the
tracking ability of decoupling the position and attitude of the
UAV robot in Section IV. Finally, conclusions are drawn in
Section V.
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Fig. 1. Coordinate systems related to a tandem rotor UAV robot

1. DYNAMICAL MODELS

Several coordinate systems (or frames) related to the
tandem rotor UAV robot with two 2-DOF tiltable coaxial
rotors are shown in Fig. 1. A 3D model of the proposed
prototype UAYV robot is also shown in Fig. 2.

The world frame F, is defined with the origin O,,
following the right-hand coordinate system with the axes
{X,,» Yy, Z}. The body frame Fy is defined with the center
Og fixed to its center of mass with the axes {Xg, Y3, Zg}.
The first tiltable coaxial rotor coordinate frame Fp_ is defined
with origin Op, with the axes {Xp_, Yp,, Zp,}, While the
second tiltable coaxial rotor coordinate frame Fp, is defined
with origin Op, with the axes {Xp,, Yp,, Zp,}.

For the convenience, the coordinate frame of the i-th
(i = 1,2) tiltable coaxial rotor is unified to Fp,. The rotation
angles around the Xg-, Y- and Zg-axis in Fg are defined as
(¢, 0,9), while the tilt angles around the Yp,- and Xp, -axis
in Fp, are defined as (B;, «;). The range of the tilt angle «; is
set to [—g g] and the range of the tilt angle B; is set to
[—m, m]. The rotation matrix YRz = R; ()R, (0)Rx(¢)
represents the rotation from F5 to Fy,, in which R,, Ry and
Ry are the rotations around the Zz —, Yz — and X —axis,
respectively. Also, R, = R;((i — 1)m)Ry(B)Rx(a;)
represents the rotation matrix from Fp, to Fg, in which R,
Ry and Ry are the rotations around the Zp -, Yp,- and Xp;-
axis, respectively. The length [ is the distance between the
origin of each coaxial rotor Op, and the axis Zg of the UAV
robot, while the height h is the distance between the origin of
Op, and Og in Zg direction. The position vector Op, of the i-
th tiltable coaxial rotor in Fg can be defined as BOPl. =
R,((i—Dm)[l 0 h]". Asshown in Fig. 1, @,, @,, @3
and w, denote the rotation speed of the brushless motors in
each coaxial rotor, respectively. Hence, the anti-torque T,
of the i-th coaxial rotor can be given by

{Tdrag,l = [0 0 km(ag - 5%)]T
Tdrag2 = [O 0 km(ag - 6‘%)]T (1)

2-DOF tiltable
coaxial rotor 2

2-DOF tiltable
coaxial rotor 1

Fig. 2. 3D model of the proposed UAV robot

where k,, is the propeller drag coefficient and k,,, > 0. Also,
the total output thrust T, ; of each coaxial rotor is given by

.
Tirusir = [0 0 —kp (@3 + @7)]

T |
Tirusiz = [0 0 —kp (@3 + @7)]

)
in which k; is the propeller thrust coefficient and k; > 0.

For the simplify of the control model, the anti-torque
Ty, OF the i-th tiltable coaxial rotor can be eliminated by
setting @, = W, = w,, W3 = W, = w,, Where w; and w,
are the new rotation speeds for the brushless motors in each
tiltable coaxial rotor. Hence, the anti-torque tg4,, can be
obtained as

Tdrag = Tdrag,l + Tdrag,Z =0 (3)

Also, the gyro moment effect of the tiltable coaxial rotors can
be ignored by un-modeling the tilt angular velocities and
accelerations of them.

A. Dynamical equations in rotation

From the previous study [29], w® 2 [¢p 6 ]7 is the
angular velocity of the UAV robot expressed in the body
coordinate system. Under the Newton-Eulerian's law, w? is
subject to

Izw® + wf x I;w? =18 + 7 4)

where Iy = diag (IBxx, Ig,,, IBzz) is the symmetric and

positive definite inertia matrix of the body, t? is defined as
the input torque, and ., refers to the unmodeled disturbance.
By ignoring the effect of unmodeled disturbance etc., T, =
0, whereas the input torque 2 is defined as:

B _ —
T = Thrust + Tdrag = Tihrust (5)

in which the moment =, due to the thrusts generated by the
tiltable coaxial rotors is
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2
Tihrust — Z(BoPi X BRPiTlhrust,i) (6)
i=1

Therefore, denoting the resultant input torque as =% =

[ <& rE]T, the dynamical model of the rotational motion
of the UAV robot can be obtained as

,61/} <13yy - 13zz> N L_L_g :

Ig,,

(ib. L fIg —1 1
H= ¢w(—’*" B"">+—T§‘ @)

I
Byy

. (s, — I 1
¢9<————4ﬂ>+ 1o

IBzz

B. Dynamical equations in translation

According to the Newton equation of motion, the robot
body position P =[x ¥ Z]T in the world coordinate
system is subject to

2

+"Rp Z P Rp, Tnrusti + Fext (8)
i=1

0
0

9

where f.,, includes disturbances and unmodeled factors and
g is the gravity constant. By ignoring the influence of friction
etc., fex Can be set to 0. Denoting the input thrust f2 in Fg
as

mi’zm

2
T
fB = Z BRPiTthrust,i = [FxB FyB FZB] (9)
i=0
the dynamical model of the translational motion of the UAV
robot is expressed by

p
j} =
5

C. Dynamical equations of the system

Combining the equations (7) and (10), the dynamical
model of the system in matrix form can be reduced to:

FB

1 X
+— WRy |FP (10)
m
FZB

0
0
9

X=fX)+gx)U (11)

where X=[x v z ¢ 6 P]T is a generalized
coordinate vector related to the proposed UAV robot,U =
A A S (0 L G L L SR
vector of the thrust forces and torques of the coaxial rotors
expressed in the body coordinate system on Xg-, Yg-and Zg-
axis. Here, f(X) and g(X) can be rewritten as

.. (Is, —1g,
| Hw( 2 )
f(x)= P (12)

~w
gx)=|m Re 0 (13)
0 M;1

in which g(X) € R® and M,, = diag (IBxx' Iy, IBzz)' It
is found that g~*(X) exists and it can be obtained as
YRy 0
AX:P ] ]
9®=1"0" wm, (14)
because the rotation matrix “Rg is orthogonal, i.e.,
"Ry~ = “Rg" , Ip,, #0,Ip,, #0and I, # 0. Hence,
the whole system can be simplified to a fully actuated system
which has six inputs and six outputs (i.e., generalized
coordinate variables). The input thrust & and input torque
78 can be obtained as below:

[ —2kra, + 2ksa, 1
2kpaz — 2ka, ‘

51 . —2ksas — 2ksaq
LB] = —2hksas + 2hk;a,

|21kfa5 — 2lksaq — 2hksa, + 2hksa,
[ 2lksa; — 2lka, |

(15)

in which a; = cosa; sinf; w? , a, = cosa,sin B, w3 ,
a; = sina; w?, a, = sina, w3, as = cos a, cos §; w? and
ag = cos a, cos 3, w3. By decomposing the angular velocity
of the i-th coxial rotor into three contributions [30], [31], it
can be written as x? = cosa;sinf;w?, x? = sina;w? and

xf = cosa;cosBiw? , so that o; = sin'l(xf’,wiz) , Bi=
tan*(xf, xf) and w; = \/(xf‘)z + (xf’)2 + (x{)? . Hence,

the transformed input vector x is given by

x=[xf xF x{ x¢ x x§]T,xe]R{6 (16)

Also, the vector [(f5)T (z5)T]T can be written as a linear
equation [(fB)T (zB)T]T = A - x, where A € R®*¢ is the
static control allocation matrix that maps the actuators to the
given forces and torques, which can be reduced to

[2 0 0 2 0 0]
0 2 0 0 -2 0
0o 0 -2 0 0 -2| @7
0 —2n 0 0 2n O
l—Zh 0 2 2h 0 —21J
0 20 0 0 2 0

Note here that A4 is singular though it is a square matrix.
Therefore, the force and torque can be resolved by using the
Moore-Penrose pseudo-inverse of the static control allocation
matrix 4, which can be expressed as below:
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— A‘I‘ fB A'I' € ]R6><6 (18) .
x= 8l Xy
where it should be noted that A" is the minimum norm Kie ¥ — fe }
solution of A. because A4 is singular though it is a square _*[ K, }* ;’F
matrix. And the rank of 4 is 5. + @] Yo +l-[ = vAv [ 1T X
I* ‘ ﬁ}i’ 2‘ -‘—’qul(.)d}a Robot | l ¢
K
I1. BACKSTEPPING CONTROL METHOD Xy |+ S
[ e

The design of the backstepping control [32] is extended
to a vector form in this paper. That is, a MIMO vectoral
backstepping approach [33] is explained here. The detailed
derivations are given step by step as follows:

1) Derivation about the first Lyapunov function:
When introducing a state variable representation,

x; =X, x,=X (19)
the equation (11) can be written as

X1 =X,

x; = f(x) + g(x)U

Introduce the position error as e; = x;4 — x;, Where x4 isa
desired reference trajectory. The first Lyapunov function is
chosen as

(20)

vV, = Ee{el (21)
then the derivative of ¥, with respect to time is
Vi =ele; = el (k14— x;) (22)
For stabilizing e, a stabilizing function is designed as
o, =x4+Kie (23)

where K, > 0. Substituting x,, in V; by (23), V; can be
obtained as
v, = e;(—K.e; + a; — x,)

= el (—K,e; + a; — x;)

=—elK,e, +ele, (24)
where e, = a; — x, denotes an extended velocity tracking
error. Whene, = 0, V, = —elK,e; < 0 can be obtained.

2) Derivation about the second Lyapunov function:

Introduce the velocity error again as

e, =a, — X, = de - 561 + Klel (25)

then the derivative of e, can be represented as
e, =a; — X,
=X1q + K& — f(x;) — g(x)U (26)
The second Lyapunov function is introduced as

1 1 (27)
V,=V,+ Eegez = Ee{el + Eegez
then the derivative of V, with respect to time is

Fig. 3. Block diagram of the proposed backstepping control method

Combining the equations (21) and (23) mentioned above, V,
can be obtained as

Vz = _e’{Klel + e’{ez
+el[¥4 + K1, — f(x;) — g(x;)U] (29)

For stabilizing the e, the control input U is given as

U= gt (x)[K,e, + X1q + Ki&; — f(x;) + €] (30)

where K, > 0, g~1(x,) is set to be known. Substituting (30)
to (29), it follows that V, = —elK,e,—elK,e, < 0. Thus,
it is found that e, and e, converge to zero when t — o, so
that this controlled system assures the asymptotic stability.
Fig. 3 shows the block diagram of the proposed backstepping
control method.

V. SIMULATION RESULTS

In order to verify the performance of the designed
backstepping control strategy, two cases (stability and
trajectory tracking) are simulated on MATLAB. The physical
parameters of the UAV robot used in the simulation are
m=1.2 kg, g=9.81 m/s?, [=0.2 m, h=0.05 m and k,= 1.984
x 10~7 N/(rpm)Z. The control gains are chosen as K;,= K,
=Ki3 =1, K14 = K15 = K16 = 2, and K1= Kpp =Kp3 = Kpy =
K,s = K56 = 1. The sampling width of the simulations is set
t0 0.01s.

A. Simulation 1: Stabilizing Problem
In the simulation, the desired values of the position and

T
attitude are set to X, = [0.5 L0 -15 2 2 %] , the
system is started at an initial state which is set to X, =
[ooo -Z -Z _x"

12 12 12

As shown in Fig. 4, the positions of the UAV robot are
converged to the desired values, where the rise time of the
position responses in the X,,-, Y,,- and Z-axis are all about
1.52 s. Their overshoots in the X, -, Y,,- and Z,, -axis are
0.0216 m, 0.0432 m and —0.0648 m, respectively. The
settling time of the position responses in the X,,-, Y,,- and
Z,-axis are all about 3.85 s. The Fig. 5 shows the attitude
responses of the UAV robot are converged to the desired
values, where the rise time of the attitude responses around
the X,, —, Y, — and Z, —axis are all about 1.58 s. Their
overshoots around the X,,-, Y,,- and Z,-axis are all about
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0.0036 rad. The settling time of the attitude responses in the
X Y- and Z,- axis are all about 2.49 s.

The time histories of the tilt angles during the simulation
are shown in Fig. 6, where the changes between the steady-
states and the current tilt angles a;,a, , §; and 3, are reached
to the maximum values at the starting 0.05 s. It is also found,
from this figure, that the rotational direction is different each
other. Fig. 7 shows the rotational speed responses of the
tiltable coaxial rotors, where the changes between the steady-
states and the current values are reached to the maximum
values at the beginning 0.05 s. The stable rotation speeds of
the motor in each coaxial rotor are also shown to be different.

From the simulation results, it can be seen that the
proposed backstepping control method is useful for the
decoupling the position and attitude control of the UAV
robot. It should be noted that the actuators used in the tilt
mechanisms and the coaxial rotors may not respond to such
speeds in reality, because the dynamics of them are ignored
in this simulation.

X

- ==~ desired x|
A L : L | I |
6 8 10 12 14 16 18 20
time [s]
y
= === desiredy|
L L I | I |
6 8 10 12 14 16 18 20
time [s]
6 8 10 12 14 16 18 20
time [s]
Fig. 4. Position control responses
= 04F
= roll
£ 02f ; [
— - — =~ desired roll |
> or
g
-0.2 L L i L | | | )
0 2 4 6 8 10 12 14 16 18 20
time [s]
o 04f =
.g 024 plt(.vh 5
T == == desired pitch
S OfF —— T
.02 i i i i i i i i i
0 2 4 6 8 10 12 14 16 18 20
time [s]
I 04F
«<
M 02F
E
P02 i i : i i . ‘ ; ‘
0 2 4 6 8 10 12 14 16 18 20

time [s]

Fig. 5. Attitude control responses

0 2 4 6 8 10 12 14 16 18 20

time [s]
= 02
o 0 3
.02 1
_ 04
o~ -0.6 h ! L L L . L . )
0 2 4 6 8 10 12 14 16 18 20
time [s]
— 05
=]
<
0] a,
~ L . J
3 s | | \ L | | | | )
0 2 4 6 8 10 12 14 16 18 20

time [s]

1 - ' )
0 2 4 6 8 10 12 14 16 18 20
time [s]

Fig. 6. Tilted angle responses
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B. Simulation 2: Tracjectory Tracking Problem
In the trajectory tracking simulation, a 3D space trajectory

T
is set to Xq(t) = [xa(t) ya(®) za(®) = Z %] and the
initial state of the system is set to X, =[0 0 0 0 0 0]7,

where the trajectory is defined as below:

( x4(t) = 0.55sin (g t)

ya(t) = 0.5cos (% t) (21)

t)

Fig. 8 shows the position responses of the UAV robot in
the trajectory simulation, where the position amplitudes of
the X,,-, Y- and Z,,-axis are about 0.4988 m, 0.4766 m and
—0.5015 m. The phase-shifts of the position responses in the
X Y- and Z-axis are about 0.3925 rad, 0.7136 rad and
0.3925 rad, respectively. And the delay of each axis is about
1.0s, 1.1 s and 1.0 s, respectively. The attitude responses of
the UAV robot are converged to the desired values are shown

z;(t) =—-1.0-05 sin(

|

where t denotes the time.
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in Fig. 9, where the rise time of the attitude responses around
the X,,-, Y,,- and Z,-axis are all about 1.576 s. And their
overshoots around the X,,-, Y,,- and Z,-axis are all about
0.0026 rad. The settling times of the attitude responses in the
X Y- and Z,,-axis are all about 2.358 s.

As shown in Fig. 10, the directions of the tilt angles a;
and f3; are opposite to those of a, and f,. The time histories
of all the tilted angles are changed in oscillatory modes after
about 3.1's. Fig. 11 shows the rotational speeds of the tiltable
coaxial rotors. It should be noted that the actuators used in
reality will not respond to such speeds, because the rotor
dynamics are ignored in this simulation.

In addition, Fig. 12 shows the trajectory in 3D space,
where the errors between the desired trajectory and the
current trajectory are found to be small.

From the simulation results, it is confirmed that the
designed backstepping control strategy is both effective for
the position and attitude control during the trajectory tracking
simulation. It is also confirmed that the UAV robot is in a
stable flight and the body of the UAV robot is also kept in the
desired attitude state during the simulation.
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Fig. 8.
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Fig. 9. Attitude control responses in trajectory tracking
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Fig. 12. The trajectory in 3D space

V. CONCLUSIONS

In this paper, a backstepping control method has been
described for a tandem rotor UAV robot, in which each rotor
has a tilt mechanism in two DOFs. Especially, an MIMO
vectoral backstepping approach was adopted here, because
the input distribution matrix was fortunately a square and
nonsingular matrix. The related static control allocation
problem was also solved by using a Moore-Penrose pseudo-
inverse. Two kinds of simulation of the UAV robot without
wind disturbances were given to demonstrate the
performance of the proposed control method.

As future works, it is going to be compared with other
control strategies when considering other feedback
linearization, wind disturbances, etc. Some real flight or
motion tests also need to be conducted in the future.
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