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Abstract—Robot manipulator has become an exciting topic 

for many researchers during several decades. They have 

investigated the advanced algorithms such as sliding mode 

control, neural network, or genetic scheme to implement these 

developments. However, they lacked the integration of these 

algorithms to explore many potential expansions. 

Simultaneously, the complicated system requires a lot of 

computational costs, which is not always supported. Therefore, 

this paper presents a novel design of switching mechanisms to 

control the robot manipulator. This investigation is expected to 

achieve superior performance by flexibly adjusting various 

strategies for better selection. The Proportional-Integral-

Derivative (PID) scheme is well-known, easy to implement, and 

ensures rapid computation while it might not have much control 

effect. The advanced interval type-2 fuzzy sliding mode control 

properly deals with nonlinear factors and disturbances. 

Consequently, the PID scheme is switched when the tracking 

error is less than the threshold or is far from the target. 

Otherwise, the interval type-2 fuzzy sliding mode control 

scheme is activated to cope with unknown factors. The main 

contributions of this paper are (i) the recommendation of a 

suitable switching mechanism to drive the robot manipulator, 

(ii) the successful integration of the interval type-2 fuzzy sliding 

mode control to track the desired trajectory, and (iii) the 

launching of several tests to validate the proposed controller 

with robot model. From these achievements, it would be stated 

that the proposed approach is effective in tracking performance, 

robust in disturbance-rejection, and feasible in practical 

implementation. 

Keywords—Industrial manipulator; Advanced algorithm; 

servo system; Intelligent switching; Positioning control. 

I. INTRODUCTION  

Since the concept of fuzzy logic control was first 

presented [1, 2], there are many related pieces of research in 

this domain. Most of them have considerably contributed to 

the successful development for knowledge of mankind. 

Authors in [3] have investigated the earlier fuzzy logic 

controller, which emerged in many industrial applications for 

system modeling and the real world. Later, this control 

scheme which was adopted as a type-1 fuzzy logic system 

(FLS), was embedded into a water treatment plant in Japan 

[4-7]. After several years, many developers noticed that one 

of the main disadvantages in the design of type-1 FLS is the 

non-flexible shape of membership functions. Besides, it is 

unreasonable that increasing the number of rules and 

membership functions is larger than a certain threshold. This 

causes to increase in the complexity of the fuzzy system 

whilst there is no more effect on the outputs.  

Therefore, it was motivated to suggest the improved FLS 

to deal with uncertainties in fuzzy control. Then, type-2 FLS 

was invented by adding an extra degree of freedom to 

incorporate the uncertain factors [8]. The membership is 

graded to increase the capability to proceed with inexact data 

in a logically correct manner [9, 10]. However, the type-2 

FLS still has some drawbacks due to the mathematical 

complexity. A simpler design of this scheme was represented 

as interval type-2 FLS in which the uncertain factors were 

mapped into 3D-space while the value of each point in the 

membership function was matched in 2D-space. They inherit 

the mathematical expression from type-1 FLS, although it is 

simpler than type-2 FLS. It should be noted that the block of 

defuzzification in type-1 FLS is substituted by the output of 

the processing block in type-2 FLS. This block plays an 

important role in matching the fuzzy set of type-2 FLS and 

one of the type-1 FLS. In detail, it maps the uncertainties to 

an interval between the upper membership function and the 

lower one. Recently, some researchers have studied related 

topics to compare them. The competitive robustness between 

type-1 FLS and interval type-2 FLS has been mentioned in 

[11-13]. It was declared that a smaller approximation error 

could be achieved by interval type-2 FLS through the 

selective motivation depending on applications. In [14], a 

systematic view between singleton type-1 FLS, non-singleton 

type-1 FLS, and singleton type-2 FLS under the presence of 

noise was performed. Some criticisms to compare were 

created in a common framework even though a regular 

methodology to learn three styles were addressed. 

The motivations of our approach are to deploy a 

reasonable mechanism to select and integrate the feed-

forward strategy into the industrial manipulator. Superior 

performance is expected to achieve owing to the advantages 

of these schemes. The traditional PID scheme is activated 

when the tracking error is less than the threshold, or it is far 

from the destination. Or else, the scheme of interval type-2 

fuzzy sliding mode control is triggered to deal with unknown 

factors. Feed-forward control is an advanced control scheme 

that is well-suited for processes. 



Journal of Robotics and Control (JRC) ISSN: 2715-5072 329 

 

Ha Quang Thinh Ngo, Enhancement of the Tracking Performance for Robot Manipulator by Using the Feed-forward Scheme and 

Reasonable Switching Mechanism 

 

II. BACKGROUND WORKS 

In general, a conventional type-2 FLS focuses on the 

uncertain membership functions; however, it evaluates these 

uncertainties nonuniformly. The membership function of 

type-2 FLS is depicted in 3D space where the values on the 

z-axis resemble. Commonly, it could be illustrated in four 

different ways such as points, wavy slices, horizontal slices, 

and vertical slices. To explain clearly, Fig. 1 shows the 

structure of type-2 FLS that includes several blocks. The 

fuzzifier process matches a crisp input vector which consists 

of multi-inputs, into type-2 fuzzy sets. The inference engine 

merges rules and connects from input type-2 FLS to output 

type-2 FLS. The outputs of the fuzzy inference engine are a 

type-2 fuzzy set.  

 In the interval type-2 FLS, it is assumed that there is 

uncertainty in determining the values of the membership. 

Thus, the concept of modeling uncertainty has been 

investigated in recent times. The most famous algorithms for 

estimating the output of an interval type-2 FLS are Karnik-

Mendel (KM) [19], Nie-Tan (NT) [20], and Wu-Mendel 

(WM) [21]. The KM approach mostly uses the type reduction 

method for type-2 FLS in order to compute the output. Later, 

many investigations have been introduced, such α-cut 

algorithm [22-25], to solve the problem of weighted value. In 

the other method [26, 27], the KM approach was to generate 

a boundary function which was proved to be greater and more 

practicable. The NT method calculates the union of a fired 

rule for output. Owing to this, the mean of the lower 

membership function and the upper membership function is 

computed. Conversely, the WM method was innovated to 

push the process of type-2 FLS by eliminating the 

computational burden of type reduction. The number of 

iterations before convergence should be cut down. 

Additionally, the uncertainty bounds are evaluated by 

mathematical formulas for both inner and outer sets [28-32]. 

III. FUNDAMENTALS OF INTERVAL TYPE-2 FUZZY LOGIC 

SYSTEM 

Theoretically speaking, the idea of an interval type-2 

fuzzy logic system is well-depicted in [33, 34]. Thus, a short 

explanation of the interval type-2 FLS is mentioned in this 

section. We consider that in the universal set 𝑋, a type-2 FLS 

is symbolized as 𝐴 ̃, which is characterized by a membership 

function (MF) 𝑢𝐴 ̃(𝑥) of type-2 FLS. This function 𝑢𝐴̃(𝑥) could 

be stated as a secondary MF. Commonly, the MF in type-1 

varies in a range of [0, 1]. 

TABLE I. THE STATE-OF-ART OVERVIEW OF RELATED RESEARCH 

Application Author(s) Achievement(s) Drawback(s) 

Robot 

Manipulator 

Mien Van et al. 

[15] 

A novel control methodology for tracking control of 

manipulator was designed to maintain the high 

performance in terms of high robustness, fast transient 
response, and finite-time convergence 

It requires the effective measurement of noises and a 

better sensor as well as a tuning mechanism to get the 

optimal values for the major coefficients in this 
method 

Electric Vehicle A. Aziz K. et al. 

[16] 

An adaptive interval type-2 FLS based on the online 

learning approach was declared to ensure stability and 

overcome the shortcomings of the gradient descent. 
This method could deal with uncertain nonlinear 

systems. 

The optimal learning rate and the critical stability 

should be discussed 

Mobile Robot Juang C. F. et al. 
[17] 

For the wheeled mobile robot wall-following control, 
a novel reinforcement and optimized fuzzy controller 

design method, which consists of interval type-2 

fuzzy sets to increase the robustness, and an online 
interval type-2 fuzzy clustering to generate rules 

automatically was proposed.   

The problems such as navigation or obstacle 
avoidance for the autonomous system did not take into 

account. 

Hexapod Wu Chung S. et al 
[18]  

A method of data-driven multi-objective evolutionary 
interval type-2 FLS was considered for both system 

performance and rule interpretability. The 

achievements are that the structure of interval type-2 
FLS was incrementally generated to reduce the 

parameter search space, and a new constrained 

objective function to enhance the distinguishability of 
fuzzy sets was suggested. 

In a large number of control trials, the challenges of 
real regression and classification in an unstructured 

environment must be improved. 

 

 
Fig. 1. Inside structure of type-2 FLS. 
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𝐴̃ = ∫ 𝑥 ∈ 𝑋
𝑢𝐴̃(𝑥)

𝑥
=∫ 𝑥∈𝑋

[∫ 𝑢∈𝐽𝑥
𝑓𝑥(𝑥)/𝑢

]

𝑥
𝐽𝑥 ⊆ [0,1]  (1) 

where 𝑓𝑥(𝑢) is a second grade or the amplitude of a secondary 

MF and 0 ≤ 𝑓𝑥(𝑢) ≤ 1. 𝐽𝑥 is the primary membership of 𝑥, 

with 𝑢 ∈ 𝐽𝑥 ⊆ [0, 1] for ∀𝑥 ∈ 𝑋; 𝑢 is a fuzzy set in [0, 1]. 

As a result, the domain of a secondary MF is called the 

primary membership of 𝑥. If 𝑓𝑥(𝑢) = 1, ∀𝑢 ∈ 𝐽𝑥 ⊆ [0, 1], then 

the secondary MFs are interval sets so that 𝑢𝐴̃(𝑥) in (1) could 

be assumed as an interval type-2 MF. Thus, a type-2 FLS is 

rewritten as follows. 

𝐴̃ = ∫ 𝑥 ∈ 𝑋
𝑢𝐴̃(𝑥)

𝑥
=∫ 𝑥∈𝑋

[∫ 𝑢∈𝐽𝑥
1/𝑢

]

𝑥
𝐽𝑥 ⊆ [0,1] (2) 

Moreover, the Gaussian-based shape for primary MF with 

uncertain values of mean and standard deviation, which have 

an interval type-2 secondary MF, could be named an interval 

type-2 Gaussian MF [35-38]. The mathematical expression of 

an interval type-2 Gaussian MF with the uncertainties in 

mean 𝑚 and standard deviation 𝜎 is performed as   

𝑢𝐴(𝑥) = 𝑒𝑥𝑝 [−
1

2
(

𝑥 − 𝑚

𝜎
)

2

] ,  m ∈ [𝑚1, 𝑚2]. (3) 

 From Fig. 2, the grey region has been named a footprint 

of uncertainty (FOU), and it exists the boundary values such 

as an upper MF 𝑢̄𝐴(𝑥) and a lower MF 𝑢̱𝐴(𝑥) 

correspondingly. In this case, equation (1) is indicated as   

𝐴̃ = ∫ 𝑥 ∈ 𝑋

∫ 𝜇∈[𝑢̱𝐴̃(𝑥),𝑢̄𝐴̃(𝑥)]
1/𝑢

𝑥
 

(4) 

The structure of type-2 FLS is shown in Fig. 3. It has been 

known that there are several main components such as 

fuzzifier for inputs, rule base and inference engine for 

processing, type-reducer, and fuzzified for outputs [39, 40]. 

After passing all steps, a crisp value could be obtained in the 

output port of the controller.   

 

Fig. 2. Description of an interval type-2 Gaussian MF 

 

Fig. 3. A framework of a type-2 FLS. 

IV. PROPOSED METHOD  

Our purpose is to design an advanced control scheme in 

order to enhance system performance. The idea to integrate 

both the popular control strategy in the industry and the 

interval type-2 fuzzy sliding mode control (FSMC) is 

proposed in this research. Initially, the conventional scheme 

such Proportional-Integral-Derivative (PID) is chosen to 

drive the system if the target position is still far or the tracking 

error is less than the threshold. When this system is closely 

reaching to target or a larger error occurs, the interval type-2 

FSMC is activated to achieve high performance. It is 

expected to lessen the steady-state error, overshoot in the 

transient period, and ameliorate the system response to 

 
Fig. 4. The overall structure of the proposed system. 
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counteract disturbed parametric and external disturbances. 

The switching mechanism to alternative trigger the proper 

control scheme is suggested. Actively, it is continuously 

switched between two control strategies to provide flexible 

control commands. Also, the feed-forward scheme is 

implemented because its characteristics are well-suited for 

the motion control system. This additional scheme would 

proactively adjust by releasing an appropriate response at the 

proper time. In Fig. 4, the whole structure of our controller, 

which is mentioned above, is shown. As a result, it is able to 

minimize the negative effects on the servo system. 

A. The concept of a switching mechanism 

According to the desired performance, a novel innovation 

of integrating the schemes, both common control and 

advanced technique, is recommended. It is hopefully 

expected that the ease-to-use of the PID scheme and the 

superior. The performance of type-2 FLS could drive the 

servo system stably and perfectly. The switching engine is 

manipulated by the tracking error threshold 𝑒0 that is 

identified by expert-based knowledge. The output control 

signal u  of our controller is depicted as   

𝑢 = 𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑛𝑔(𝑢𝐹𝑆, 𝑢𝑃𝐼𝐷) + 𝑢𝐹𝐹 (5) 

𝑢𝑠𝑎𝑡 = 𝑠𝑎𝑡(𝑢) (6) 

where 𝑢𝐹𝑆 is the output control signal from interval type-

2 FSMC, 𝑢𝑃𝐼𝐷 is the output control signal from the PID 

scheme, 𝑢𝐹𝐹 is the output control signal from a feed-forward 

scheme, 𝑢𝑠𝑎𝑡 is the output control signal from the saturation 

unit. 

Algorithm 1. Pseudocode of the Proposed Method. 

Input: 

Kvff, Kaff  ← coefficients from a feed-forward scheme 

KP, KI, KD ← coefficients from PID scheme 

If  ← coefficients from interval type-2 FLS  

e0 ← threshold value of tracking error 

Output: 

u ← output control  

Initialize: 

Position reference ← motion profile generator 

Procedure  

Begin 

1 While InMotion Do 

2 If  ((|e| < |e0|) or farfromtarget) then  

3          u ← uPID + uFF   // switch to PID scheme 

4 Else  

5 
         u ← uFS + uFF    

// switch to interval type-2 FSMC scheme  

6 
usat ← sat(u)    

// compute the saturated control signal  

End 

where, Kvff, Kaff: the tuning gains of velocity and acceleration 

in a feed-forward scheme. KP, KI, KD: the tuning gains of a 

proportional, integral, and derivative components in the PID 

scheme. Kf is the tuning gain of the interval type-2 FLS 

scheme 

 In our experience, the feed-forward control is well-suited 

for a motion system that is routinely driven by a servo 

mechanism. With this implementation, the feed-forward 

architecture enables proactive adjustments. Those 

modifications deliver an appropriate response at the proper 

time, and they are thereby able to minimize the negative 

effects on the servo system. To eliminate the unexpected 

signal, the saturation unit is additionally implemented to 

ensure that the output command from the proposed controller 

is in range. 

 The entire algorithm is represented as above. At the initial 

stage, the tuning parameters, which require a lot of 

experience to select, are inserted. Then, when the motion 

profile is firstly generated, the whole system is activated. The 

proposed controller continuously compares the value of the 

tracking error and its threshold in order to decide which 

scheme is chosen. The threshold of error plays as a boundary 

value to maintain the high performance of this system. Its 

value depends on the system state of practical tests and 

expert-based knowledge. If the tracking error is less than this 

threshold or it is far from the target, the PID scheme is 

optionally deployed. Regularly, the velocity profile of the 

motion system is classified into three sections acceleration, 

constant speed, and deceleration. The definition of "far from 

target" is determined when the period of the velocity profile 

is either acceleration or constant speed. Otherwise, it reaches 

the near target. If those conditions are not satisfied, the type-

2 FLS scheme is triggered to manipulate the servo system. 

Finally, the control signal is saturated to guarantee the 

physical limitations of both the servo motor and mechanical 

framework.    

B. The implementation of the traditional PID control 

scheme 

 It is well-known that the PID strategy is one of the most 

popular methods to drive the automated system. The benefit 

of this control scheme is to reduce the burden of computation 

owing to the complicated expression of math. Moreover, the 

cycle time for processing is also shortened to ensure the real-

time characteristic. It could be widely applied in robotics, 

servo mechanism, or high precision machining system. The 

output control of this scheme is 

𝑢𝑃𝐼𝐷 = 𝐾𝑃𝑒 + 𝐾𝐼 ∫ 𝑒𝑑𝑡 + 𝐾𝐷

𝑑𝑒

𝑑𝑡
 (7) 

C. The design of interval type-2 FSMC  

 In our research, the target to control is a two-link robot 

arm, as shown in Fig. 5. It is considered that this two-link 

rigid robot consists of the first link mounted on a fixed base 

and the second one connected to the end of the previous link. 

The dynamic equation of this robot manipulator is  

(
𝑞̈1

𝑞̈2
) = (

𝑀11 𝑀12

𝑀21 𝑀22
)

−1

[(
𝑢1

𝑢2
)

− (
−𝑘𝑞̇2 −𝑘(𝑞̇1 + 𝑞̇2)

𝑘𝑞̇1 0
) (

𝑞̇1

𝑞̇2
)] 

(8) 

where, 

𝑀11 = 𝑚1
𝑇 + 2𝑚3

𝑇 𝑐𝑜𝑠(𝑞2) + 2𝑚4
𝑇 𝑠𝑖𝑛(𝑞2) (9) 
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𝑀22 = 𝑚2
𝑇  

𝑀12 = 𝑀21 = 𝑚2
𝑇 + 𝑚3

𝑇 𝑐𝑜𝑠(𝑞2) + 𝑚4
𝑇 𝑠𝑖𝑛(𝑞2) 

𝑘 = 𝑚3
𝑇 𝑠𝑖𝑛(𝑞2) − 𝑚4

𝑇 𝑐𝑜𝑠(𝑞2) 

and,  

𝑚1
𝑇 = 𝐼1 + 𝑚1𝑙𝑐1

2 + 𝐼𝑒 + 𝑚𝑒𝑙𝑐𝑒
2 + 𝑚𝑒𝑙1

2 

𝑚2
𝑇 = 𝐼𝑒 + 𝑚𝑒𝑙𝑐𝑒

2  

𝑚3
𝑇 = 𝑚𝑒𝑙1𝑙𝑐𝑒 𝑐𝑜𝑠(𝛿𝑒) 

𝑚4
𝑇 = 𝑚𝑒𝑙1𝑙𝑐𝑒 𝑠𝑖𝑛(𝛿𝑒) 

(10) 

 

 
Fig. 5. Illustration of a two-link manipulator in a planar plane. 

 We assume that the vector of output 𝑦 ∈ 𝑅2, the vector of 

control input 𝑢 ∈ 𝑅2, and the vector of fully measurable state 

variable 𝑥 ∈ 𝑅4 are 𝑦 = [𝑦1 𝑦2]𝑇 = [𝑞1 𝑞2]𝑇 ∈ 𝑅2,  𝑢 =
[𝑢1 𝑢2]𝑇 ∈ 𝑅2, 𝑥 = [𝑞1 𝑞̇1 𝑞2 𝑞̇2]𝑇 ∈ 𝑅4 and 

correspondingly. 

 Let us denote that 𝑓𝑖(𝑥), 𝑖 = 1,2; 𝑔𝑖𝑗(𝑥), 𝑖, 𝑗 = 1,2 and are 

the continuous nonlinear functions belong𝐶1. 

𝐹(𝑥) = [
𝑓1(𝑥)

𝑓2(𝑥)
]

= −𝑀 [
−𝑘𝑞̇2 −𝑘(𝑞̇1 + 𝑞̇2)

𝑘𝑞̇1 0
] [

𝑞̇1

𝑞̇2
] 

𝐺(𝑥) = [
𝑔11(𝑥) 𝑔12(𝑥)

𝑔21(𝑥) 𝑔22(𝑥)
] = 𝑀−1 = [

𝑀11 𝑀12

𝑀21 𝑀22
] 

(11) 

  

Assumption 1: If the matrix 𝐺(𝑥) is positive definite, 

then there is always a value 𝜎0 > 0, 𝜎0 ∈ 𝑅 so that 𝐺(𝑥) ≥
𝜎0𝐼𝑝 with 𝐼𝑝 being a unit matrix. 

Assumption 2: The reference trajectory 𝑦𝑑𝑖 , 𝑖 = 1,2 is a 

known function with respect to time and continuously.      

Therefore, since the matrix 𝑀 is positive definite, then it 

is often regular and 𝐺(𝑥) = 𝑀−1is positive definite too.     

Owing to the existence of nonlinear functions 𝑓𝑖(𝑥), 

𝑔𝑖𝑗(𝑥), it is hard to achieve high performance for this system. 

Our solution is to approximate these unknown functions by 

using the type-2 FLS as follows. 

𝑓𝑖(𝑥, 𝛼̃𝑓𝑖) = 𝜉𝑓𝑖
𝑇 (𝑥)𝛼̃𝑓𝑖 ,   i = 1, … ,p, (12) 

𝑔̃𝑖𝑗(𝑥, 𝛼̃𝑔𝑖𝑗) = 𝜉𝑔𝑖𝑗
𝑇 (𝑥)𝛼̃𝑔𝑖𝑗 ,   i, j = 1, … ,p, 

where, 𝜉𝑓𝑖
𝑇 (𝑥) and 𝜉𝑔𝑖𝑗

𝑇 (𝑥) are fuzzy basis vectors fixed by an 

expert 𝛼̃𝑓𝑖 and 𝛼̃𝑔𝑖𝑗 are the respective adjustable parameter 

vectors of each interval type-2 fuzzy system. The supremum 

of those parameters is defined as  

𝛼̃𝑓𝑖
∗ = 𝑎𝑟𝑔  min

𝛼̃𝑓𝑖

{ 𝑠𝑢𝑝
𝑥∈𝐷𝑋

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥, 𝛼̃𝑓𝑖)|} 

𝛼̃𝑔𝑖𝑗
∗ = 𝑎𝑟𝑔  min

𝛼̃𝑔𝑖𝑗

{ 𝑠𝑢𝑝
𝑥∈𝐷𝑋

|𝑔𝑖𝑗(𝑥) − 𝑔̂𝑖𝑗(𝑥, 𝛼̃𝑔𝑖𝑗)|} 

(13) 

where, 𝛼̃𝑓𝑖
∗  and 𝛼̃𝑔𝑖𝑗

∗ are the optimal parameters of 𝛼̃𝑓𝑖 and 𝛼̃𝑔𝑖𝑗 

respectively. We define the parameters of estimation errors 

as 

𝛼̄̃𝑖𝑗 = 𝛼̃𝑓𝑖
∗ − 𝛼̃𝑓𝑖 , 

𝛼̄̃𝑔𝑖𝑗 = 𝛼̃𝑔𝑖𝑗
∗ − 𝛼̃𝑔𝑖𝑗 

(14) 

and 

𝜀𝑓𝑖(𝑥) = 𝑓𝑖(𝑥) − 𝑓𝑖(𝑥, 𝛼̃𝑓𝑖
∗ ), 

𝜀𝑔𝑓𝑖(𝑥) = 𝑔𝑖𝑗(𝑥) − 𝑔̂𝑖𝑗(𝑥, 𝛼̃𝑔𝑖𝑗
∗ ), 

(15) 

where, 𝜀𝑓𝑖(𝑥), 𝜀𝑔𝑓𝑖(𝑥) are the minimum fuzzy pproximation 

errors 

Assumption 3: It is assumed that the minimum 

approximation errors are bounded for all 𝑥 ∈ 𝐷𝑋 with a 

compact set 𝐷𝑋; that is, 

|𝜀𝑓𝑖(𝑥)| ≤ 𝜀𝑓̄𝑖

|𝜀𝑔𝑖𝑗(𝑥)| ≤ 𝜀𝑔̄𝑖𝑗

∀𝑥 ∈ 𝐷𝑋 (16) 

where 𝜀𝑓̄𝑖, 𝜀𝑔𝑖𝑗 and are constants. 

Hence, these parameters and functions are expressed as 

𝐹̂(𝑥, 𝛼̃𝑓) = [𝑓1(𝑥, 𝛼̃𝑓1) 𝑓𝑝(𝑥, 𝛼̃𝑓𝑝)]
𝑇
 

𝐺̂(𝑥, 𝛼̃𝑔) = [
𝑔̂11(𝑥, 𝛼̃𝑔11) 𝑔̂12(𝑥, 𝛼̃𝑔12)

𝑔̂21(𝑥, 𝛼̃𝑔21) 𝑔̂22(𝑥, 𝛼̃𝑔22)
] 

𝜀𝑓(𝑥) = [𝜀𝑓1(𝑥) 𝜀𝑓2(𝑥)]𝑇  

𝜀𝑔(𝑥) = [
𝜀𝑔11(𝑥) 𝜀𝑔12(𝑥)

𝜀𝑔21(𝑥) 𝜀𝑔22(𝑥)
] 

𝜀𝑓̄(𝑥) = [𝜀𝑓̄1 𝜀𝑓̄2]𝑇  

𝜀𝑔̄(𝑥) = [
𝜀𝑔̄11 𝜀𝑔̄12

𝜀𝑔̄21 𝜀𝑔̄22
] 

(17) 

Thus, the nonlinear functions are described as 

𝐹(𝑥) − 𝐹̂(𝑥, 𝛼̃𝑓) = 𝐹̂(𝑥, 𝛼̃𝑓
∗) − 𝐹̂(𝑥, 𝛼̃𝑓) + 𝜀𝑓(𝑥) 

𝐺(𝑥) − 𝐺̂(𝑥, 𝛼̃𝑔) = 𝐺̂(𝑥, 𝛼̃𝑔
∗) − 𝐺̂(𝑥, 𝛼̃𝑔) + 𝜀𝑔(𝑥) 

(18) 

The tracking error 𝑒𝑇 = [𝑒1 𝑒2]𝑇 is identified from the 

desired input and the actual output as follows. 

𝑒1(𝑡) = 𝑦𝑑1(𝑡) − 𝑦1(𝑡) 

𝑒2(𝑡) = 𝑦𝑑2(𝑡) − 𝑦2(𝑡) 
(19) 
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Similarly, the sliding surface 𝑠𝑇 = [𝑠1 𝑠2]𝑇 is 

determined as 

𝑠1(𝑡) = (
𝑑

𝑑𝑡
+ 𝜆1) 𝑒1(𝑡)

𝑠2(𝑡) = (
𝑑

𝑑𝑡
+ 𝜆2) 𝑒2(𝑡)

𝜆1, 𝜆2 > 0 (20) 

 Taking the first derivative of these sliding surfaces, we 

have 

𝑠̇1 = 𝑣1 − 𝑓1(𝑥) − ∑ 𝑔1𝑗

𝑃

𝑗=1

(𝑥)𝑢𝑗  

𝑠̇𝑃 = 𝑣𝑃 − 𝑓𝑃(𝑥) − ∑ 𝑔𝑝𝑗

𝑃

𝑗=1

(𝑥)𝑢𝑗 

(21) 

where 𝑣1, … , 𝑣𝑝 are given as following 

𝑣1 = 𝑦̇𝑑1 + 𝜆̇1𝑒̇11
 

𝑣2 = 𝑦̇𝑑2 + 𝜆̇2𝑒̇2 
(22) 

Our concept is to design a sliding mode controller to drive 

this system stably and timely. This control strategy consists 

of two components, such equivalent scheme, and a reaching 

scheme. The equivalent control 𝑢𝑒𝑞  is to deploy when the 

system state locates on the sliding surface. The sliding control 

𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 is to force the system state for reaching to the surface. 

Therefore, the control signal 𝑢𝐹𝑆 is  

𝑢𝐹𝑆 = 𝑢𝑒𝑞 + 𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 (23) 

If the system state stays on the sliding surface (𝑠̇ = 0), the 

control signal 𝑢 would be 𝑢𝑒𝑞  which is estimated as  

𝑢𝑒𝑞

= 𝐺̂(𝑥, 𝛼̃𝑔)[𝜀0𝐼𝑝

+ 𝐺̂(𝑥, 𝛼̃𝑔)𝐺̂𝑇(𝑥, 𝛼̃𝑔)]
−1

. [−𝐹̂(𝑥, 𝛼̃𝑓) + 𝑣

+ 𝐾0𝑠𝑔𝑛(𝑠)] 

(24) 

where, 𝐾0 = [
𝑘1 0
0 𝑘2

] with k1, k2 >0, 𝜀0 is a positive 

constant. 

In this controller, equation (24) describes the estimation 

of nonlinear functions 𝐹̂(𝑥, 𝛼̃𝑓) 𝐺̂(𝑥, 𝛼̃𝑔) in place of the real 

term of nonlinear function 𝐹(𝑥) and 𝐺(𝑥).    

When the system state leaves the surface, the sliding 

control signal 𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 is expected to drive its back. 

𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 =
𝑠|𝑠𝑇|(𝑠̄𝑓 + 𝑠̄𝑔|𝑢𝑒𝑞| + |𝑢0|)

𝜎0‖𝑠‖2 + 𝛿
 (25) 

where u0 is 

𝑢0

= 𝜀0[𝜀0𝐼𝑝 + 𝐺̂(𝑥, 𝛼̃𝑔)𝐺̂𝑇(𝑥, 𝛼̃𝑔)]
−1

. [−𝐹̂(𝑥, 𝛼̃𝑓)

+ 𝑣 + 𝐾0𝑠𝑔𝑛(𝑠)], 
(26) 

and 𝛿 is a time-varying variable 

 Later, the adaptive rules to update the tuning parameters 

are identified as 

𝛼̇̄𝑓𝑖 = −𝜂𝑓𝑖𝜉𝑓𝑖(𝑥)𝑠𝑖 , (27) 

𝛼̇̄𝑔𝑖𝑗 = −𝜂𝑔𝑖𝑗𝜉𝑔𝑖𝑗(𝑥)𝑠𝑖𝑢𝑠𝑖 , (28) 

𝛿̇ = −𝜂0

|𝑠𝑇|(𝑠̄𝑓 + 𝑠̄𝑔|𝑢𝑠| + |𝑢0|)

𝜎0‖𝑠‖2 + 𝛿
, (29) 

where, 𝜂𝑓𝑖, 𝜂𝑔𝑖𝑗, 𝜂0 are positive values. The initial condition of 
𝛿 is also positive. 

 Several mathematical expressions could be carried out, 

𝑠̇ = 𝑣 − 𝐹(𝑥) − [𝐺(𝑥) − 𝐺̂(𝑥, 𝛼̃𝑔)]𝑢𝑒𝑞

− 𝐺̂(𝑥, 𝛼̃𝑔)𝑢𝑒𝑞 − 𝐺̂(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 (30) 

 Substituting the control term from the above equations, 

we have 

𝑠̇ = −𝐾0 𝑠𝑔𝑛( 𝑠) − [𝐹(𝑥) − 𝐹̂(𝑥, 𝛼̃𝑓)]

− [𝐺(𝑥) − 𝐺̂(𝑥, 𝛼̃𝑔)]𝑢𝑒𝑞 + 𝑢0

− 𝐺̂(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 
(31) 

Due to the mathematical transformation, the additional 

expression could be obtained as 

𝐺̂(𝑥, 𝛼̃𝑔)𝐺̂𝑇(𝑥, 𝛼̃𝑔)[𝜀0𝐼𝑝 + 𝐺̂(𝑥, 𝛼̃𝑔)𝐺̂𝑇(𝑥, 𝛼̃𝑔)]
−1

 

= 𝐼𝑝 − 𝜀0[𝜀0𝐼𝑝 + 𝐺̂(𝑥, 𝛼̃𝑔)𝐺̂𝑇(𝑥, 𝛼̃𝑔)]
−1

 
(32) 

Therefore,  

𝑠̇ = −𝐾0 𝑠𝑔𝑛( 𝑠) − [𝐹(𝑥, 𝛼̃𝑓
∗) − 𝐹̂(𝑥, 𝛼̃𝑓)]     

− [𝐺(𝑥, 𝛼̃𝑔
∗) − 𝐺̂(𝑥, 𝛼̃𝑔)]𝑢𝑒𝑞

+ 𝑢0 − 𝐺̂(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 + 𝑢0

− 𝜀𝑓(𝑥) − 𝜀𝑔(𝑥)𝑢𝑒𝑞 

(33) 

Then, 

𝑠𝑇𝑠̇ = −𝑠𝑇𝐾0 𝑠𝑔𝑛( 𝑠)

− (𝜉𝑓1
𝑇 (𝑥)𝛼̄̃𝑓1𝑠1 + 𝜉𝑓2

𝑇 (𝑥)𝛼̄̃𝑓2𝑠2)

− (𝜉𝑔11
𝑇 (𝑥)𝛼̄̃𝑔11𝑠1𝑢𝑒𝑞1

+ 𝜉𝑔12
𝑇 (𝑥)𝛼̄̃𝑔12𝑠1𝑢𝑒𝑞2

+ 𝜉𝑔21
𝑇 (𝑥)𝛼̄̃𝑔21𝑠2𝑢𝑒𝑞1

+ 𝜉𝑔22
𝑇 (𝑥)𝛼̄̃𝑔22𝑠2𝑢𝑒𝑞2)

− 𝑠𝑇𝐺(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 + 𝑠𝑇𝑢0

− 𝑠𝑇𝜀𝑓(𝑥) − 𝑠𝑇𝜀𝑔(𝑥)𝑢𝑒𝑞 

(34) 

The Lyapunov candidate function could be chosen as 

𝑉

=
1

2
𝑠𝑇𝑠 +

1

2
(

1

𝜂𝑓1

𝛼̄̃𝑓1
𝑇 𝛼̄̃𝑓1 +

1

𝜂𝑓2

𝛼̄̃𝑓2
𝑇 𝛼̄̃𝑓2)

+
1

2
(

1

𝜂𝑔11

𝛼̄̃𝑔11
𝑇 𝛼̄̃𝑔11

+
1

𝜂𝑔12

𝛼̄̃𝑔12
𝑇 𝛼̄̃𝑔12 +

1

𝜂𝑔21

𝛼̄̃𝑔21
𝑇 𝛼̄̃𝑔21

+
1

𝜂𝑔22

𝛼̄̃𝑔22
𝑇 𝛼̄̃𝑔22) +

1

2𝜂0

𝛿2 

(35) 

Taking the first derivative, we have 
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𝑉̇

= 𝑠𝑇𝑠̇ − (
1

𝜂𝑓1
𝛼̄̃𝑓1

𝑇 𝛼̇̄̃𝑓1 +
1

𝜂𝑓2
𝛼̄̃𝑓2

𝑇 𝛼̇̄̃𝑓2)

− (
1

𝜂𝑔11
𝛼̄̃𝑔11

𝑇 𝛼̇̄̃𝑔11 +
1

𝜂𝑔12
𝛼̄̃𝑔12

𝑇 𝛼̇̄̃𝑔12 +
1

𝜂𝑔21
𝛼̄̃𝑔21

𝑇 𝛼̇̄̃𝑔21

+
1

𝜂𝑔22
𝛼̄̃𝑔22

𝑇 𝛼̇̄̃𝑔22) +
1

𝜂0
𝛿𝛿̇ 

(36) 

Equation (36) could be re-written as 

𝑉̇ = 𝑠𝑇𝐾0 𝑠𝑔𝑛( 𝑠) + 𝑉̇1 + 𝑉̇2 (37) 

where, 

𝑉̇1 = −𝛼̄̃𝑓1
𝑇 (𝜉𝑓1(𝑥)𝑠1 +

1

𝜂𝑓2

𝛼̇̄̃𝑓2)

− 𝛼̄̃𝑓2
𝑇 (𝜉𝑓2(𝑥)𝑠2 +

1

𝜂𝑓2

𝛼̇̄̃𝑓2)

− 𝛼̄̃𝑔11
𝑇 (𝜉𝑔11(𝑥)𝑠1𝑢𝑒𝑞1 +

1

𝜂𝑔11

𝛼̇̄̃𝑔11)

− 𝛼̄̃𝑔12
𝑇 (𝜉𝑔12(𝑥)𝑠1𝑢𝑒𝑞2 +

1

𝜂𝑔12

𝛼̇̄̃𝑔12)

− 𝛼̄̃𝑔21
𝑇 (𝜉𝑔21(𝑥)𝑠2𝑢𝑒𝑞1 +

1

𝜂𝑔21

𝛼̇̄̃𝑔21)

− 𝛼̄̃𝑔22
𝑇 (𝜉𝑔22(𝑥)𝑠2𝑢𝑒𝑞2 +

1

𝜂𝑔22

𝛼̇̄̃𝑔22) 

𝑉̇2 = −𝑠𝑇𝐺(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 + 𝑠𝑇𝑢0 − 𝑠𝑇𝜀𝑓(𝑥) − 𝑠𝑇𝜀𝑔(𝑥)𝑢𝑒𝑞       

+
1

𝜂0

𝛿𝛿̇ 

From these adaptive rules, it is confirmed that 

𝑉̇1 = 0 (38) 

In the other hand, we have 

𝑠𝑇𝐺(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔 ≥ |𝑠𝑇|. (𝜀𝑓̄ + 𝜀𝑔̄|𝑢𝑒𝑞| + |𝑢0|

−
|𝑠𝑇|(𝑠̄𝑓 + 𝑠̄𝑔|𝑢𝑒𝑞| + |𝑢0|)

𝜎0‖𝑠‖2 + 𝛿
). 

(39) 

As a result, 

𝑠𝑇𝐺(𝑥)𝑠 ≥ 𝜎0‖𝑠‖2 (40) 

Then, the second term of the Lyapunov candidate 

function is bounded. 

𝑉̇2 ≤ −𝑠𝑇𝐺(𝑥)𝑢𝑠𝑙𝑖𝑑𝑖𝑛𝑔

+ |𝑠𝑇|. (𝜀𝑓̄ + 𝜀𝑔̄|𝑢𝑒𝑞| + |𝑢0|)

+
1

𝜂0

𝛿𝛿̇ 
(41) 

𝑉̇2 ≤ −
𝛿|𝑠𝑇|(𝑠̄𝑓 + 𝑠̄𝑔|𝑢𝑒𝑞| + |𝑢0|)

𝜎0‖𝑠‖2 + 𝛿
+

1

𝜂0

𝛿𝛿̇ (42) 

𝑉̇2 ≤ 0 (43) 

From equation (37), we obtain 

𝑉̇ ≤ −𝑠𝑇𝐾0 𝑠𝑔𝑛( 𝑠) = −(𝑘1|𝑠1| + 𝑘2|𝑠2|) (44) 

Owing to Barbalat’s lemma, it could be concluded that the 

tracking errors and their derivatives decrease asymptotically 

to zero, that is 𝑒𝑖
𝑗
(𝑡) → 0 𝑎𝑠 𝑡 → ∞ 𝑓𝑜𝑟 𝑖, 𝑗 = 1,2. Hence, the 

system stability is proved. 

V. RESULTS AND DISCUSSIONS  

 To verify the performance of the proposed controller, 

several tests of numerical simulations are carried out. Table 

2 indicates the values of parameters to simulate the system 

performance. The reference input signal is selected as a 

sinusoidal function 𝑦𝑑1 = 𝑦𝑑2 = 𝑠𝑖𝑛( 𝑡). The external 

disturbances [𝑐𝑜𝑠( 𝑡) 𝑠𝑖𝑛( 𝑡)]𝑇 are embedded in this 

system. The coefficients of the sliding surface are determined 

as 𝜆1 = 𝜆2 = 2. Furthermore, the system parameters for 

tuning in this simulation are listed 𝜀0 = 0.5, 𝜂𝑓1 = 𝜂𝑓2 = 0.1, 

𝜂𝑔11 = 𝜂𝑔12 = 𝜂𝑔21 = 𝜂𝑔22 = 0.1, 𝐾0 = 0.5𝐼2. The design 

parameters for controllers are well-tuned as 𝐾𝑃 = 10, 𝐾𝐼 =
0.1, 𝐾𝐷 = 0.01 for PID scheme 𝐾𝑣𝑓𝑓 = 1, 𝐾𝑎𝑓𝑓 = 1 for Feed-

forward scheme and 𝐾𝑓 = 0.7 for interval type-2 FLS. The 

saturation unit is selected so that the output voltage to the 

servo system is in a range of -12V and +12V. The initial state 

of the robot manipulator is chosen 𝑥(0) = [0 0 0 0]. In 

order to evaluate the performance of the proposed scheme, it 

is essential to compare our controller with the traditional 

fuzzy control system in the same context.  

TABLE II. LIST OF THE SYSTEM PARAMETERS 

Parameter Value 

1m  1 

em  2 

1l  1 

cll  0.5 

cel  0.6 

1I  0.12 

eI  0.25 

e  30o 

 

 The control signal of both conventional type-1 FLS and 

the proposed scheme is demonstrated in Fig. 6 and Fig. 7, 

respectively. While the first link firmly moves, the second 

one must suffer unexpected effects, such as unknown load, 

residual oscillation, or external disturbance. Hence, our 

attention is inclined to the second link in order to drive the 

end-effector to the target location. In Fig. 8, the 

demonstration of the tracking position among these 

controllers is shown. Although bearing the unwanted factors, 

both of them make an effort to generate the proper control 

signal. In the first period of link 1, the conventional type-1 

FLS does not perform as well as our scheme. Later, it drives 

the first link back to the reference trajectory. In the second 

link, a little bit of oscillation appears that might cause 

instability for this system since the conventional scheme is 

effortless to deal with uncertainties. To zoom in on the 

comparative performance, the tracking error of the two 

schemes is illustrated in Fig. 9. Although there are not many 

significant differences to adapt with the unknown 

fluctuations, which is not well-suited for conventionally 
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tracking performance, the proposed controller seems to be 

superior to the traditional method. 

 
Fig. 6. Validated simulation of a control signal using traditional type-1 FLS 

for link 1 (above) and link 2 (below) in robot manipulator. 

 
Fig. 7. Validated simulation of a control signal using the proposed controller 

for link 1 (above) and link 2 (below) in robot manipulator 

 
Fig. 8. Comparative simulation of the tracking position between traditional 

type-1 FLS (blue line) and the proposed controller (red line) for link 1 
(above) and link 2 (below) in robot manipulator 

 
(a) 

 
(b) 

Fig. 9. Comparative simulation of the tracking error between traditional type-

1 FLS (blue line) and the proposed controller (red line) for (b) link 1 

and (a) link 2 in robot manipulator 

 To compare the specifications in different approaches, 

Table 3 describes the competitive performance and 

achievements. In such a case, our method is advantageous 

and provides a robust solution for many industrial 

applications. 

TABLE III. LIST OF COMPARATIVE SPECIFICATIONS BETWEEN OUR METHOD 

AND THE OTHERS [50, 51] 

 Our method Zhao, T. et 

al. [50] 

Reguli, I. et al. 

[51] 

Application Manufacturing Powerline Navigation 

Controller Type-2 fuzzy 
sliding mode 

Type-2 fuzzy 
PID 

Sliding mode 

Advantage(s) Smaller 

tracking error 

Optimal 

parameters 

Faster time 

execution 

Disadvantage(s) Burden 
computation 

Burden 
computation 

Static 
environment 

 

VI. CONCLUSIONS 

In this paper, a novel design of both a feed-forward 

scheme and switching mechanism for robot control was 

invented. With the advantage of adjusting proactively, the 

feed-forward control releases an appropriate response at the 

proper time, and they could minimize the negative effects on 

the servo system.   Additionally, by fusing between the well-

known controller such as PID scheme and the advanced 

controller such as interval type-2 fuzzy sliding mode scheme, 

the perspective of system response could be improved in real-

time characteristic, cutting the burden computation and 

enhancing the tracking performance while the high level of 

system specifications such disturbance-rejection is 

maintained. The intelligent switching mechanism would 

mostly activate the industrial PID control to drive the servo 

system when the tracking error is less than the threshold, or it 

is still far from the target. Otherwise, the interval type-2 fuzzy 

sliding mode control is deployed to manipulate this system in 

coping with unknown factors. By using the Lyapunov 

approach, it is stated that the system stability is guaranteed 

indefinite time. Several tests are compared with conventional 

type-1 FLS so that the superior performance of our controller 

is exhibited. From the points of view of flexible control and 

robustness, it is clear that our approach is effective and 

feasible for achieving high-performance control in many 

applications.   
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Future work is a must. It requires more investigations on 

the computational method to reduce the burden theory. 

Especially in the practical robot system, the motion controller 

must be generated in real-time. In addition, advanced control 

schemes such as artificial intelligence or machine learning 

should be inspected to upgrade.  
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