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Abstract—Linear Parameter Varying models-based Model Pre-
dictive Control (LPV-MPC) has stood out in manipulator robots
because it presents well-rejection to dynamic uncertainés in
flexible joints. However, it has become too weak when the MPG’
optimization problem does not include kinematic constrairis-based
conditions. This paper uses dynamic confined space of veltes
(DCSV) to include these conditions as a recursive polytopicon-
straint, guaranteeing optimal dependency on a simplex sclaeling
parameter. To this end, the local frame’s velocities and taque/force
preload of joints (related to violation of kinematic constraints)
are associated with different time scale dynamics such thddCSV
correlates them as a polytope. So, a classical LPV-MPC will &
updated using a dynamic programming approach according tote
DCSV-based polytope. As a result, one lemma about DCSV-bate
recursive polytope and a five-step procedure for two decoupd
close-loop schemes with different time scales compose thé\-
MPC proposed method. Numerical validation shows that even
for relevant flexibility situations, trajectory tracking p erformance
is improved by tuning finite horizons and optimization problem
constraints regarding DCSV’s behavior.

Keywords—Model Predictive Control; Flexibility; Manipulators;
Dynamic confined space of velocities; Dynamic programming.

I. INTRODUCTION

Flexibility in manipulator robots is commonly related tarjo

represented by the columns of Jacobian, also known as 1-
form distributions. Assuming rigid motions, only the ortfumal
complement of Jacobian, also known as 1-form co-distrmjti

is responsible for the evolution of the kinematic constiin
Nevertheless, with flexibility, generalized velocitiegpdad on
both distribution and co-distribution; and kinematic coamts

are defined by a symmetric operator acting on the fast vasabl
[12], [13]. Considering this operator is necessary to avoid
low manipulability in any control scheme [12], [14]-[16].
Although a good calculus of the Jacobian implies a coherent
manipulability for trajectories irC-space, even using a rigid
version of the system, the lack of fast variables will induce
small transversal and longitudinal motions in the jointcpa
that violate the kinematic constraints.

However, some researchers still assume rigid bodies in the
topology of the kinematic configuration and overall dynamic
due to the difficulty of controlling joints with small disto@ance
motions and not because rigidity is technically attrac{ive-

[9], [17]-[23]. From that viewpoint, these approaches lbeeo
rather impracticable in avoiding accidental collisions ti@ck-
ing tasks and weak tolerance ranges for effort control@4${
[26]. In recent years, linearizing control methods havenbee
used to mitigate flexibility effects in trajectory trackirigsks

motions when bearings and teeth in the gears are worn owt,disturbance (small) motions in the joint space. Howeiter,
allowing then the violation of the kinematic constraintd, [1is well-known that linearization methods are more efficitmt

[2], [2]-[6]. Usually, these motions are modeled as toralonapproaches based on only one time scale, one fact that need:
springs with low stiffness, so dynamic models require twimprovement for two different nature dynamics or singular

time-scales, one for the generalized velocities, usuatigwkn

perturbations-based frameworks [27]-[35]. Although thene

as slow variables, and another to represent the violation mbblem is partially solved by using optimal programming
the kinematic constraints, usually known as fast variables methods on robust control frameworks or adaptive outerdpop

singular perturbation approaches [7]-[11].

the controller’'s performance of these approaches gets mmp

Mathematically, when kinematic constraints are satisfiad fMised when the end-effector’s velocity increases [27]],[29
any trajectory inC-space, motions required in the joint spac&30]. [36], [37], [37]-{42].
do not need more degrees of freedom. In that context, genin contrast, integrator backstepping control, supportgd b
eralized velocities are a linear combination of vector Beldsliding manifolds and LQR’s methods, consider flexibility a
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needs to offer a suitable rise time and setting time for twimite-time optimal control problem at each sampling, the op
timescales, specifically for velocity changing, where vafg timal inputs are precalculated and stored in a lookup table a
flexibility situations cause motion inaccuracy. Therefdlere the same time that suitable velocities at the end-effedttine
must be careful with fast variables whose transients withlsmmanipulator robot are assigned.

time responses are undetectable for most known observers anrpis paper is organized as follows: Section Il presents a

enough to violate the kinematic constraints. generic theoretical framework about robots with two tincetss
Model predictive control (MPC) has also become a suitablehen linearized by classical CT technique. Sections Il and
control strategy for handling constrained manipulatorotsb 1V detail the formulation of the LPV approach subject to a
with input constraints that aim for reasonable behavioedasts DCSV-based recursive polytope and a constrained finite-tim
[50]-[54]. However, although MPC performs better than LQRptimal problem based on the DP technique. Section V present
due to its moving time horizon window, in robotic systemgesults on the UR5 robot using CoppeliaSim (V-REP) and free
its numeric complexity is increased when two time-scaled aframework YALMIP. Finally, Section VI will make the close
parameter varying related to links’ guidance are constlg8g remarks.
[38], [55]. Currently, some techniques suggest a lower aaanp
tional effort using polytopic representations of the idputput
constraints on dynamic programming (DP) methods for linear
parameter varying (LPV) [52], [55], [56]. But, although BP’

methods reduce the computational cost, this approach is po_o'-et us consider a-joint manipulator robot whose configurg-
for velocity changing. tion C-space can be fully described by the vector of generalized

_ _ y coordinatesy = .t eD " where g;, for
In [14], [15], Dynamic Confined Space of Velocities (DCSV), ", "~ .’:f rep[rqels(éznts thqe ]angle o gistEI{acement qcifjlrtla
was introduced to measure thellnter_re!ayon between thd s Gint. Furthermore, let us consider the following statetsen
transversal and longitudinal motions in joint space anddhbal
velocity of the mobile system. Three components structiee t i. There arek holonomic/nonholonomic velocity constraints
DCSV: represented byd(q) € IR"** such thatA” (¢)¢ = 0. In

o ) this way, the linear sensitivity of the end-effector twist
1. Inverse of the norm of the longitudinal violator compotsen 1] ¢ s¢(3)! to the joint velocity§ can be expressed as

Il. BACKGROUND

of the kinematic constraints; _ q = Sy(q)Vs, whereSy(q) € IR"*® is the body Jacobian
2. inverse of the norm of the transversal violator compoment  atrix.
of the kinematic constraints; and ~ii. By considering flexible joints,A”(q)¢ # 0 and § ¢
3. norm of the local frame’s velocity related to generalized ¢olg5(q)). Thus,d = S,(q)Vs + A(q)ep, wWherep € IRF
velocities. is a vector associated with the violation of the kinematic

In this approach, a set of points with random behavior repre- constraints and > 0 is a scale factor that represents the

S H T —
sents the evolution of the three above components. If these TTX(Ib')“Fy_[lj;’([l)j'( l\)/loreover, sinced(q)$, (g) = 0 then
points remain inner to space defined by the DCSYV, it is. 9= OADER-

. ; .~ li. The end-effector trajectory is indicated b¥, V), where
possible to guarantee satisfactory performance of thartie X € SE(3) is the current configuration og-space such
constraints [14], [15]. Considering the DCSV from a control that [V,] — X-1X 9 P
viewpoint, recent works show concern about the small vilodat bl = '

: r T a1 T . i
motions in the joint space but ignore the low manipulability'v' tslr':;le t\f\?igt ?ﬁel\jvdhoer']ngesfg I‘;";(q)‘?" thﬂf\gd@;}b ecoorp
b b b -

[571-[62] o ) ] ) responds to the projection af on the spanned space

The research contribution of this paper is a hybrid LPV-MPC by the columns ofS,(q). So, letS, = S,(STS,)~LS!
scheme that reduces the impact of flexibility in manipulator pgo that projection. Knowing thatd(¢)S? (¢) = 0 and
rqbots qccording_ to condi_tions imposed _by DCSV and the (I, — S,)S, = 0, the kinematic constraints associated to
kinematic constraints. To this end, the classical compiaeflie the configurationX and end-effector can be represented by
technique is applied to linearize the system, being an outer

loop that sets static state feedback for slow variables and a  A(q) = (In — Ss(Sy S5) "5 )Su(Sy Sp) " € R™C.

inner loop basec_i on the a“"""’?“y control law defined by_ [14]. A generic static state-feedback control for this system is
Nevertheless, this inner loop will be adapted to a polytopp widely defined by

resentation of the DCSV, aiming to compute explicit solnsio

to the constrained finite-time optimal problem using a DBeloa 7= B (q)M(q)Sy(q)n + h(q, q), 1)
method. This method will include DCSV’'s parameters in the

cost functl_on, and_a" t'me'vaerQ parameters_ will be med 1y, € IR® andse(3) is a Lie algebra of the special euclidean group related
as accessible online. Finally, instead of solving a coirgrh to rigid-body motionsSE(3) .
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where B, (q) € R" " is a full-rank matrix,M(q) € R™*"

is a symmetric positive-definite mass matrix(g,¢) € IR"

contains forces that lump together centripetal, corigigyvity (0. Projg i Cpi),, |
and friction terms that depends gnor ¢. The vector) € IR®

is an auxiliary control law that ensures the conditign= 17,

defined by

n=Cx-1x,u+Cx-1x,u+ KX (Projep} Cpic, 0], _

LK, / Rdt + KaCxixu—KVy  (2) @ (b)

being X, € SE(3) the target configuration of the end-Fig. 1. (a) Vertices of the recursive polyto@ according to first integral in
: ) aio (13) whenps . = V*, and (b) representation ilR3 of the DCSV, where

effegtor._ T_he mat_rlcest, Ky, K; > 0_ are r_e~al and pos_ltlve red faces are associated with planes, — vi1p1.x + T12p2.0 Pk —

semidefinite matrices, the error configuratidh must satisfy ~,;p; ;. + 2202 &, the yellow face represents the cutting at plang, = V*

[X] = 10g(X*1Xd) € se(3) for all adjoint representations of while the gray faces are associated with first integral (13).
configurationX —! X, expressed by

Ry 15 0 . . . .
Cx-1x, = ] XJII%Q . R _ where A11(0) £ [0,xn Zo(q)] is associated with Jacobian
Py fix—1x, fixoixy matrix between the space of the actuators and the end-@fect
for Ry 1y, € SO(3), [px-1x,] € s0(3). The vectoru € IR®  twist, andA,,(0) £ G1(q)+e 1Ga(q) has a strong relationship
represents the target twist on task-space. with the kinematic constraints violation. The matricés () =

A

By using (1) and applying the same method in [14], [15],21(‘1) +_5*1Z2(q) and A3, (0) = [Onxn Go(q)] are directly
a well-known formulation for a robot on two time-scales'€SPOnsible by coupling slow and fast variables [63]-{G3le

. N a .
associated with slow and fast variables, is given by matrices B, (0) = Z3(q)A(q) and B,,(0) = Gs(g)A(g), with

A(q) = B-1(q)M(q)Sy(q), are input matrices.

T

&= Zo(q)Vo + [eZ1(q) + Z2(q)] 1 Since h(g,¢) can be associated with unknown dynamics,
+ Z3(q) B ()M (q)Sy(q)n + Zs(q)h(q,¢), (3) acceptable control performance of (1) depends on efficient
ejt = Go(@)Vs + [£G1(q) + Go(q)] 1 computing ofh(q, ¢). Although algorithms based on the inverse

4 ) dynamic metho#l as well as corrective methods for systems
+G3(0) B (@)M()Se(@)n + G3(@)h(a:9)- (4 ith fast and slow dynamidshave been widely used to solve
with 2(0) = w0, u(0) = po, wherez — [g Vb]T c RO+ this problem, the work reported here, likewise in [55], ddass

A g . A . . .
is the state vector. In the context of singularly perturbdd@tZ1(0) = Zs(a)h(q, q) and Ex(0) = Gs(q)h(q, ) admit a
olytopic representation.

systemsz and i are associated with slow and fast variable@,

respectively. The matriceg;, G; (for i=0,1,2,3) have suitable Let us consider a discrete-time linear parameter-varying

dimension and considered a split representation of theowecgystem associated with the system (5)-(6) by using a seitabl

fields Z(x, p,e,t) = [Z4(z, p,e,t) Zy, (z, p,e,t)]" € ROt transformation. In this way, it will denoted, ;. as thei-th part

andG(x, u, e, t) € IR, all of them continuously differentiable Of the vectora anday..,;, will denote the predicted stateat

on the parameters:, u, &, t) € D, x D, x [0, 0] x [0, ] being the time instan& + v, where the prediction will be calculated

D, = D,U Dy, C R®™ and D, c IR* open and convex at the sampling instari.

sets. The vector = 7(q,V,, 1) € IR" contains the torques at  Without loss of generality, by using the T. Kato’s method

motors. [66], like in [55], the system (5)-(6) can be decoupled in two
time-scales, as follows:

I1l. PARAMETER VARYING AND RECURSIVE POLYTOPE Zikr1 = Ai(Ok)zik + Bi(Op)mk + Ei(Ok)vk, i=1,2 (7)

DCSV
where

Ger_lerally, for dlﬁerenﬁ-spacgs, the varying parameters are; - ,qrq areny elements ing varying along time that will
associated with any term that includes harmonic functidns o be considered as the scheduling parameter veftor

q; or ¢;. Thus, it will be assumed a vector parameter varying
depending ory and ¢ defined byf = 6(q, ¢) € IR™ such that
the system (3)-(4) can be rewritten as

(0. 6" This parameter is measured online such
that its future values are barycentric coordinates of a

& = An(0)z + Aiz(0)ep + By (0)n + £:1(6) ®) 2Euler-lagrange approach by using forward and backwaraltiters.
eft = Az (0)x + A (8)ep + B, (0)n + E2(6), (6) SPoincaré-Lindstedt technique, neural networks, and stapking.
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A 21k Vi. E;(0)) : R™ — ROT"HRXm can pe associated to an
K Eq. (17) ___ | unknown dynamic whose behavior can be modeled like an
fori=1 P(';;';m B ‘ exogenous disturbance, only bounds on it are known, i.e.,
__________________________________________ f‘j’_’f’i_______ . Jv € U whereld ¢ R™ is a polytope containing the
povsem () . : origin and defined by/ = {v : L'v < I}, for l and L’
" System (3)-(4) FLk :f; 00) : known [55]
. 2(0k)z2,k , .
TR o [ Twortime scales ; Although (7) represents a matrix-decoupled model, the pa-
QO B Iy ! rameter simpleXd continues being the same for all matrices,
o : ¢ which is a common assumption in the framework of systems
:: | fp2n =+ L@z | [T with parameter varying (e.g., [52], [56]). For the problem
e —— pofor = Helze, 7o) [ [ control makes sense, it will be assumed that the two timeesca
e I .+ dynamic defined by (7) is controllable and observable for all
; 0, € 6.
— 1Ok, Pr:
Eq. (17) preblem” [ In [14], [15] was shown thal|zs x| (related to the fast
- for i =2 72,k dynamics ) and variations of slipping/skidding (associated
’ 7 with longitudinal/transversal small motions in flexible edis)
converge simultaneously to a small neighborhood of theirarig
Fig. 2. Control scheme based on an explicit parameter-digmercontrol law  |n manipulator roots, torsional motions can represent tiexi

(16)

allows to configure the classical approach based on (1) adetteupled system

@).

and recursive polytop€. The coordinate transformation at itemiii() ity' each joint can be equivalent to a linear torsional sgprin

By including DCSV as a constraint into the optimal pesbl (17), the final  [17], [28], [29], [57], [67], [68]. Nevertheless, synthesig a

stepP5 in Algorithm 1 of the MPC approach will guarantee a suitableeo- control law becomes more difficult with this approach since

loop according to the finite horizofV and Polya degreév,.

. A;(0)): R™ — RO+ HR)*(E4n+k) g the discrete version

the end-effector’s twist is significantly affected by theping
associated with preload frictional forces and torques ahea
joint. Both friction components usually are non-accessinlt
compose the instrumental meaning 4f; and therefore, the
polytope (8) will be decomposed into two polytopes:

standardng-simplex o, i.e.,
neg
hoe®@2 (g cRY [ > 07 =1} c Dy .
j=1 7, & {Zl,k € R P, 2 < bzyl} , and (10)

e € IR”T is th% ne\l/cv .discrete inpgt vector amng, = Zo & {22,k c IR’“| Pizor g+ Przapy < 5272}7 (11)
[z1.1 22.6]7 € RO is the new discrete state vector, . .
being z; ;, associated with slow variables ang), associ- Where P, = [P., P, Py], for k =t + f; 2o is associated
ated with fast variables; with the friction torque preloadss 7. is associated with the
7 and U are polytopes including the origin in its interior,friction force preload and. i,b. » are known vectors.
defined by

Ny 6+n+k
Z_{Zk €l | P22 sz}’ (8) By using the same notation proposed in [14], [15], the
U= {ne RE| Py < by}, (9) instrumental meaning of, ; can be used to build a dynamic

h | . f suitable di . space known as DCSV as shown in Fig. 1(b), defined by two
whereP,, P, are real matrices of suitable dimensions anﬁfl)anes at the first octanp{ s — 0, pa.x — 0) such that
b1, by are known vectors; ’ ’

A. DCSV-based recursive polytope

. there is an invariant manifolgy = H(x,7(x,¢),¢) such Y1101k + V12026 < P38 < Y2101k + Y2202,k (12)

that 21k = Tk + LQ(H}C)ZQJC and Zok = EM+ L1(9k):ck, N _1 N 1 N
T. Kato's conditions [66], also used in [55]; bkl DEING7Y11, 712,721, 722 . :

cated in [15]/11, 712, Y21 and~yse have a direct correspondence
with the bounds of the control action, traction force, latemd

. ) . ng (6+n+k)xn ;
of th? state mat_rlx, an(Bz(Qk). R .%_ R s longitudinal limits associated with the vector fielgs and p,,
the discrete version of the input matrix; both considered as . ;
. . . and the maximum value of local frame acceleration. However,
parameter-varying matrices in the polytopes

according to [14], there is an upper boulhd > 0 such that

neg neg * - HA .
B ] ali] B 4 L] p3.r < V* guarantees asymptotic stability for suitable values of
Ai(0r) = ZAi 0p Bi(bh) = ZB'é s e < &*, wheree* is formulated by Thikonov's Theorem [14].
=1 =1
4 ‘] ! Until here, DCSV can be considered partially a polyhedron
where AY!. BY) are j-th vertices. in IR?, but defining a subsef2 C IR? such thatp, =

C.
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[p1.k, p2.k]7 € Q, the constraintps , < V* can be used to law 7y in (15) andVy , as
project the DCSV orf2 by means dirst integral ps 1 (px):

2
psi(or) = pLCpy < V*, (13) (2 O0k) = fur, 20.6) Y oy (22,6, 0k) (16)
r=1
whereC' = diag(a,b), for a,b > 0. Thus, even for situations 2
with a,b >> 0 the DCSV becomes a bounded space &hd +g(uk,z17k)Zp;,ﬁ_l(zm,ek), forV pi €
becomes a polytope, see Fig. 1(a). r=1
Lemma 1 (Recursive polytop&®). For an-joint robot based on Where
control law (1) whose decoupled form is defined by (7), if (12) 1 k-1
and (13) are satisfied then there exists 1 andc = 13 — Y22 fuk, 216) = 3 (3041,kuk —3ag pup—1 +2 Z a1 plp
such that p21
c k—1 k—1
O = {pk € IR? | _<Uk—1 H] ,pk> +22a27pup,1 + 3di + dy +22dp),
p p>1 p>1
+ i [ e 627’] pr < V*} (14) 1 =
Flemr o g(uk, 21,%) = 3 (042,1@ka1 — QU — 2 Zoq,pup
whereay, = || A2(0x)ll1/(lz2.x41lls = [ A2(00) 1]l z2.4]1)- . P
-2 Q2 pUp—1 + do —dy, — 2 dp),
Proof. See Appendix. O ; ,;

) o o beingdy = o ,0uo — KqgVo0 + KpXo + T K Xo.

While py, satisfies (12)p, remains in€2, and the control law gy 1._th instant, the termd,, is related to solving the forward
acquires better performance to mitigate the flexibilitys@a&on i ematic problem because the end-effector trajectdfyV;,)
this last one, the proposal reported here will use this pplgto changes according to the generalized coordinatésee item
compute an explicit parameter-dependent control law, es/ish (ii7)). Hence, since; belongs to slow variables i, j, the
in Fig. 2, which guarantees good performance of the pthoR‘ﬁwctionsf andg will be denoted ag (uy, 21.) andg(u;;, 21k)

(2 for each instant:. to denote the slow part control, i.e., parameter-dependent

Since (1) guaranteds, = n, by using the trapezoidal rule for 21 k-

a sample timél’;, the end-effector’s twist), can be calculated For this class of systems, it is hoped to find an explicit

k—1
by Vo, = 0.5T5(2 551 nj+no0-+1k), wheren, = 0fork <0, giate-feedback control law dependentdnboth slow and fast
for k-th sample. Therefore, the ter in (2) can be rewritten a5 However, since well-performance of the slow vagabl

as decreases when the violation of kinematic constraints neso
Nk = Q1 kUL — 02 Ug—1 — dp, (15) notorious, it will be assumed parameter-dependencyfpn
where only in fast variables, i.e.p; | (z2%,0%). So, the standard

o1 optimization problem for MPC related tg, minimizes the cost

- - - - . . .. . -1 .
dp = Kp Xy, + T K; ZX]- +05T,K:(Xo + Xi) — KaVo fun_ctlon that_lmpllcnly |nC|Ud-e$7,7k(2:27k, 61), guaranteeing an
=1 optimal version of (16) and improving the performance of the

slow variables.
—1 —1
arr= 2T, + Kq)Cx-1x,6— Ty Cx-1x, k-1

_ —1
aze =T COx-1x, k- IV. DP-BASED MPC ON POLYTOPES

Nevertheless, according to [14], the control law (15) can beThe polynomial dependency of ! (22,1, ) on the schedul-
improved by including a weighting function that guarantee|§1g parameter has been definedk aﬁin;a on the basis —
better tracking error performance for flexible cases. Soude 191 o —112 “1yng- ’
consider a discrete version of the weighting function in][14{ okl s lor il o™ )

as follows: 1 ) i 0y (20 )
_ _ P_,k ZQ,kaek = ek pik 22,k J
hi = |22, 1|+ 122,m k1]l = PT k(22,8 k) + P31 (22,8, Ok), ' =1 '

such that (15) can be rewritten as where[p; (22,%))7 is the behavior o}, at j-th vertex of the
arameter simple®. As well-known, on the MPC technique,
m, = hinie + (hie — he—1) Vi ks P P q

one cost function based on finite-horizon predictions wél b
or even, by substituting the weighting functiag, the auxiliary minimized. Over a horizon of lengthv, these predictions

C. A. Pefla Fernandez, Control of Flexible Manipulator &slBased on Dynamic Confined Space of Velocities: Dynamic
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depend on an unknown sequence of the future schedulidgeach iteration, the right side of (7) is used to substitute
parameters;;, a sequence of the control actior,y, and  z; ;41 in Jj(zix,;), for the k 4 j-th instant. Asfy,; is
a sequence of the DCSV’s parameteSs, as follows: unknown forj > 0, the proposed DP approach will start from
_ the worst case, which allows solving the following optimiaa
— _ aN-1
T ={0k+1,. ., Oksn—1} €O X ...O=0""", problem by iterating backward (decreasing fravn— 1 to 1):
Hy = {776,77'1,...,773,_1} eUx...U=0UN"

i - I (2 ktis Ok) = [|Q% kril|1 + maxmin || Rn] . (2k4i, Orsi)|1
Sy = {pr,é?pr,%a"'apr,ll\f—l r=1,2 § Gk, 00) = Q2| Oktj Srj Ve s O )|

+ I (Zikg 1)

ne . ) ne . )
=N 0 o )Y 0 ok (2l - st (18)
=t =t Zikit1 = Ai(Okr)zikrg + BiOka )05 (2kt s Ors)
Only the first control lawy is applied to decoupled systems + Ei(Ok15) k455
in the form (7) whose cost function will be defined by prii € Q, Y0y, € O;
ST ) = [Pl + 3 Qe ) €0 W £
ko O 2k Ok) = 1520 k4N =~ ikt Ziktj+1 € Lijj1, VOkij € O;
Zik+j € Lis
| R7; oy j (Zikt g Ok ) s At
ek-i-j € ("'),

where P, Q and R are real, full-column rank matrices of

appropriate dimensions. The norjn- ||; is used to indicate WhereZ; ;.. denotes the polytopic set of successor states for

the polyhedral 1-norm, which enables a parametric solifion Which (18) is feasible at iteratiof

the optimal problem stated by means DP approach [56]. In order to determine the worst-case parameters of (18), an
On the MPC approach, it is assumed that the control I&Pigraph reformulation in the optimization problem will be

W, xy; is calculated optimally over the horizo — i not a_ppll_ed to transfer the parameter dependence to the comstra

until z; ., ; anddy.,; are available. After finishing the optimalYielding

problem, two optimal control laws will be obtaineg}; , and. Ji (Zik+j) = min w (19)
15 x» one for each subsystem in (7). So, the combined optimal Srkt
control will be defined by S.t.V0py; €O,
ni*,k = arg gljn gnaxglin .. ,emax Smin J(Tie, Sr; 2k, Ok) Hin,kJerl + |\R77§,k+j (ZkJrja 9k+j)||1+
s¥j € {0 o0 k;\; _7"11}. e i1 (Ai(Or+5) 20 k45 + BiOk)0] ot (Zhtg Ot )
- e ’ , + Ei(Or4j)vk45) S w

Zigtj41 = Ai(Ok+5)2i k5 + Bi(Okt5)m; 5 (2h55 Ot ) s €

+ Ei(Ok+5) U+ o

s i otj (ks Ors) € Us

M (Zktjs Orts) €U, VT € ONTY
prij €Q, VT €O
Zik+N € Zri, VT € ON 7Y (17)  According [56], sinceB;(fy) is nolt constant andy;, is

kot € Zi, VT, € ©ON 7L a polynomial parametrized (due t@;k(zg,k,ek) to be also
e | polynomial parametrized) then the constraint satisfactibthe
Orrj €O, semi-definite optimization problem (19) can be consereéiv

for i = 1,2, whereZ,; represents the polytopic terminal stargnsured over the whole parameter simpl@xby using the
constraints and Polya’s theorem.

Zik+j S Zz

2 Theorem 1 (Polya’s theorem) If a homogeneus polynomial
0552ty Org) = f(ug, 21 k45) Zp;i+j(227k+j,9k+j) p(0) is positive on the simple®, all the coefficients of
r=1 N,
2 ng
—|—g(Uj,ZL]H_j)Zp;i+j71(227k+j,9k+j). pr(e) =p(f)- Z@U]
r=1 J=1

Conventionally, the DP procedure to solve (17) is startetthet are positive for a sufficiently large Polya degrg.
prediction horizonV, for i = 1,2, with

InGigen) = [1Pzigenllr Proof. See [69]. O
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Algorithm 1 Calculatingn;, where0 < ¢ << 1 penalizes the vertex predictions such that
Input: degreed, constraints in (19) the non-uniqueness of the vertex solutions is mitigated.
Output: ng =n7 , + 13,

1: P1: Reformulate constraints in (19) as polynomialséin V. ACCESSINGDCSV-BASED MPC: RESULTS

in itivi nstrain ing item . . . . .
to positivity constraints by using item), This section consists of numerical validations based on the

w — 73 (Ai(Okyj)Zi kg + Bi(Okr)mi gt j (2544, 0k5)  Manipulator URS, whose technical specifications and detail
) , , , ) ) about matrices in the model (3)-(4) are widely available in
BG4 0kts) 20, Vi, € © pro € 97(20) the current literature (e.g., [14], [15], [67]). This robbas
_ ) six revolute joints; therefore, the scheduling paramétewill
whered will be its degree. equal generalized coordinates ¢ni.e., ng = 6 = dim {q}.
2: P2: Homogenize polynomial obtained before by multiplyror the inner loop based on (1), the parametkis K;, K,
ing single monomial$_7?, #1/) until all monomials have \yere set ag0.0,0.0 and 18.0, respectively, to guarantee Hur-
the same degree. _ witz’s criterium. The global branch-and-bound based soine
3: P3: According to [69], let us denote the maximum of scale¢al MIP was used to compute optimization problems, like (19)
coefficients of (20) byLmax and the minimum byLmin, It and (21). Simulations were executed using the remote API to
d(d — 1) Lmax J communicate CoppeliaSim (V-REP) with MATLAB
2 Lnin ’ Flexibility was induced by including disturbances in thestfir
then (20) muliplied by(S-*, 6)Y will have positive 10nt's motion (associated wity = 0,) as spring-damper
coefficients. Let us denote these coefficients:as mode controllers; specifically, modifying spring constamid
4: P4: Replace the constraints lay, (i x4, Snkij, w) > 0; dampl_ng coefﬂmept to impose smgll opposite torsmna! qitﬁl
. P5: Calculater} = 177 , + 175 . that violate the klnem{:\tlc constraints of subsequent spo_liﬁt)
6 return 77 ’ ’ this end, two cases will be analyzed based on the spring con-
stantK and damping coefficien®: CASE 1, (K, C)=(1x10'!,
1x10%) and CASE 2, (K, ()=(9.025,6.650).

Fig. 5 shows the evolution of the end-effector trajectory

Therefore, if the constraints in (19), formulated as homdf@cking, starting at-0.4872, 0.5672, 0.14§7and ending at
geneous polynomial, are positive on the simpf®xthen all (-0.4872, 0.256, Q.S_&Q_where@k cousrseﬂsC—space beg'””'”9 at
coefficients of these constraints multiplied y~"”, 61!)N» 00000 0] and finishing af0 0 — 3 § 0 0]. Two strategies

. - . G . oy
are positive for a sufficiently large Polya degrdg. In this were applied, one associated with the classical auxileany(R)
way, an explicit LPV-MPC technique formulated according t

g)r CASES 1 and 2 (labehux02), and one another associated
DP procedure is defined by five steps, as shown in Algorithfth the explicit parameter-dependent control law (16)enas

1 on polytope Q, optimization problem (21) and steB5 in
' Algorithm 1 (label:aux16).

When j = 1, the DP procedure must consider the current _ . ) .
parameterd;, instead of using the worst case. Nevertheless, |N€ classical approach of (2) is generally used for libsarie

T*(Zik45,60) i (18) is a bilinear function inz; , and 6y, ava_lilable in frameworks for robotic systems, as s.hown irj,[67 .
and bilinear constraints are also present in the mininuzati"Vile the approach based on (16) has been partially studied i
problem, avoiding a standard multiparametric solutioategy. [2°]- Improvements in that approach are just the main fodus o
For this reason, the optimal problem (19) will be based on tidS Paper.

uncontrolled sucessor statg), = (377, AV'9U)z , and a  Fig. 3 shows in six-time stages the behavior of UR5 in

new epigraph variable. So, = CoppeliaSim after applyingux02.

According to items 4j) and (v), it was computed, simulta-
neously with the path tracking, the evolution of the kineimat

Ny >

[

J*(0; k) = minw + s
’ Srk

sVl € O, (21) constraints for both flexibility cases, as shown in Fig. 61fiis
N ./ N end, it was used theo-norm as follows:
|1 R 1, (Vi s Ok 1)1 + T (D35 + BiO ) 1 (015, Or)
+ Ei(6)vr) < w AT (@)dlle = €l AT (0) A(@)ill -
neg . . . . .
. ; . Note that the vertical scale in Fig. 6 gives a notion about the

¢ Z 1Q(@i + BOL ;1 (B, Ors)) 11 < s order ofc.

: Q In Fig. 5 can be noted that by usiagix16 with N = 2 and
pf o N, = 2, the path tracking is better theaux02. However,
i, (08, 0k) € U, the end-effector does not reach the end point because the
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t=0.05s t=175.5s t =462.3 s t = 586.7s t =899.6 s t=1128.2's

/-\

"'\a\c”

Fig. 3. Evolution of the path tracking for UR5 in CoppeliaShy using K, = 10.0, K; = 0.0, K4 = 18.0 in the control law (2). The plotted path corresponds
to the CASE 2 and labedux02in Fig. 5.

.

t=0.05s t=45.9s t=154.9s t=396.2's t =1593.29s t="716s

m
Fig. 4. Evolution of the path tracking for UR5 in CoppeliaSby using K, = 10.0, K; = 0.0, K4 = 18.0, N = 3 and N, = 5 in the explicit parameter-
dependent control law (16) associated with optimal prob{&f). The plotted path corresponds to the CASE 1 and labgL6N in Fig. 5.

compensation for the additional torsional effect imposgdhe guaranteeing better path tracking and a significant deerigas
first joint is insufficient. flexibility.

After setting N = 3 and N, = 5, the trajectory tracking  Although the method reported here was used only in manip-
and the behavior of the kinematic constraints are shown ufator robots, the flexibility is also presented in otheratid
Fig. 5 (label:aux16N) and Fig. 6b, respectively. Note thatsystems, e.g., wheeled mobile robots and unmanned aerial
the tracking was improved, and the scale in Fig. 6a(~'°) vehicles. Future works can use the proposed control scheme
is lower than noted in Fig. 6ax(10~°). Hence, according to to reduce the impact of the deformable contact area between
notation ¢||. A% (¢).A(q)u]|, it can be possible to infer thatdifferent kinds of wheels and the motion’s surface, resjies
¢ was changed from ordet0—% to order 10719, i.e., the mainly for inducing flexibility to specific traction tasks the
motion became closer to the rigid conditions, improving theame way, flexible wings and other parts in unmanned vehicles
performance of the control law (16). Finally, Fig. 4 shows thcould also be compensated by using the DCSV, not only as
path tracking after applying the explicit parameter-defgsm criterium to improve the controller’s performance but ao
control law (16) withN =3 and NV, = 5. criterium for selecting suitable kinematic configurations

VI. FINAL REMARKS APPENDIX
The work reported here proposes an LPV-MPC technique PROOF OFLEMMA 1
based on thg explicit parameter-dependent cgntrol law, (16) By using the 1-norm, note thaby — szlg + szlg _
and a recursive polytop@ to include the constraints proposeq‘z Il + || h = |2 I, and by applyi’ng the

. . . 2,7,k+1][1 2. F k+1]|1 = [|?2,k+1|/1»
by the DCSV for flexible manipulator robots. To this endyiskowski and Cauchy-Schwarz inequalities in (7) as well as
techniques on system decoupling were applied in Section lhe control lawn,, for i = 2, yields
and outputs associated with two time scales were subjected |, | . .
to polytopic representations, specifically slow and fast dy Fuk T P2n < ”AQ(H’C)HWMA+|LA2(9’€)”1P2J€4
namics. Next, Lemma 1 proposes an equivalent condition to + 1B2(0k) |1 [1nk 1 + [ E2(6%) |2 [|ok |1,
the DCSV such that the weighting function presented in [14} ayen by using a slack functioh > 0 such that
guarantees the suitable performance of the control law (fh6)
this way, Section IV includes polynomial dependencef@n Pkt Pok = 1A2(06) o1y + 1 A2(00) 1195 54

for components of the weighting function and proposes five + 1B2(0) 1 1mill1 + 1 B2 0 |1 || okll1 — O
steps P1-PH aided by a dynamic programming approach that
returns an optimal control law; (see steg®5in Algorithm 1). Moreover, sinceEs(fy) is associated with an unknown

Results make sense when the finite horizomnd V,, increase, dynamic, expressed as an exogenous disturbance, both term:

C. A. Pefla Fernandez, Control of Flexible Manipulator &slBased on Dynamic Confined Space of Velocities: Dynamic
Programming Approach



Journal of Robotics and Control (JRC) ISSN:

2715-5072 751

— aux02 CASE 1

= aux02 CASE 2

— aux16 CASE 1

e 2UX 16 CASE 2

aux16N CASE 1

aux16N CASE 2
O  End(-04872, 0.256, 0.589)
WV  Start (-0.4872,0.5672, 0.1487)

== == Target

0.7 §

0.6

0.5

0.4

0.3

0.2

X (m)

Fig. 5. Trajectory tracking by using the explicit paramatependent control
law (16) and the classical auxiliary law (2ayx02) for two flexibility cases
(CASE 1 and CASE 2 based on spring-damper mode for the fig}.jhiaw (16)
was set according two situationaux16, with N = N, = 2, andaux16N,
with N =3,N, =5

6}10—6
8 aux16 CASE 1
= 4T aux16 CASE 2
o
< 2r
=
o o0
=
= o . . . . . . . . . )
0 02 04 06 08 1 12 14 16 18 2
(a) time (s)
2}10—10
8 aux16N CASE 1
3 7 aux16N CASE 2
o
S
=
oo
hY
= 5 . . . . . . . . . )
0O 02 04 06 08 1 12 14 16 18 2
(b) time (s)

Fig. 6. Evolution of the kinematic constraints (at pfaffiamrrh) according to
items ¢i) and ¢v) such that] A7 (¢)d|lcc = €]l AT (¢).A(q)p]|oc - From (a)
and (b), it can be noted that is strongly associated with's reduction like
happens for the control la@ux 16N in Fig.5.

1E2(0)||1]|vellh and &, can be redefined as(6y)
1 E2(0%)[1]|[vr ]l — Ok Thus,

Lt Por = 1A200) o7 oy + 142000) 1925,
+ 1B2(0x) 1 llmll1 + €(Or),

or, by definingf2(0x) = || B2(6x) |1 l|mll1 + €(6x), as
Pk + Pok = 1A2(00) 1197 k1 + [ A2(0k) 195 51 + f2(6k). (22)

Considering:*(6x) = || A2(0x)|l1p1 ,_, — P24 the inequality
(12) can be rewritten as

M (0r) + 1z fo(Oh) + —2 || A2(01) 11
P1,k—1
+ 2 Ay (0p) ] < L2 (29)
P2,k—1 P1,kP2,k
* Y21
A2e" (0x) +v22 f2(0r) + ——— | A2(0%) 1
P1,k—1
+ L2 A (0n) 0 > 22— (29)
P2,k—1 P1,kP2,k

where\; = y12 —v11 and Ay = 22 — 721. By adding (23) and
(24) yields
p2,k—1P1,k—1[X3€" (0k) + Aaf2(61)]
+ Asp2,e—1]|A2(0k) [l + Aap1,k—1]|A2(0k)|1 <0
Where>\3 = )\1 — )\2, Co = Y12 — Y22 and )\5 = Y11 — 721, OF
even,
c1p2,kP2,k—1||A2(0k)||1 + c2p1,k—1p2,k ]| A2(0k) |1
+ c2p2,kPp2,k—1P1,k—1f2(0k) — A3p2k—1p1,6—1 < 0

wherec; = A3 + As. But, it is necessary that at leastp, , <
pfrj—(ifek), for p > 1, to guarantee the before inequality i.e.,

[[A2(0k)2 [[A2(0k)2
A3——F—5—pP2,k—1 + A3—F 1,k
1 + peafa(00) p2,k—1+ A3 12000) p1
1_
+ A3 pp2,k71p1,k71 <0. (25)

According to (13), the inequalityp? , | +bp3, , < V*is
also satisfied, and by adding this last one with (25) yields

[ A2 (6%)|l1 [ A2 (6)|l1
Cl— 0 P2k—1 T C2— Pl k-1
pf2(0k) pf2(0k)
1- *
+c2 pP2,k—1P1,k—1 +apl o1 +bpap1 SV

Sincepy x + pay = llz2rkrill + 22 mrsall = 22kl it
can be noted thafs (6x) = [[22,k-+1/l1 — [ A2(6k)[l1 ][22,k [+ and
c1 = ¢2 = Y12 — Y22, thus by defininge = v12 — 722 and by
using the vectorial notatiop, = [p1.x, p2.x]7, for (k — 1)-th
sample, the left side can be expressed as
¢l A2(0x) 1
pllz2 k41l = | A2(6k) |1 ]|22,k 11

+phq [

) [%]'pk—l

1—p

2p
1-p
o) b

©2p

} pr—1 < V™.
This last one ends the proof.
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