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Abstract—Controlling Micro-Electro-Mechanical Systems 

(MEMS) gyroscopes often involves dealing with uncertainties 

and external disturbances, which can complicate control 

strategies. This article proposes a novel control strategy that 

integrates Integral Sliding Mode Control (ISMC) with Time 

Delay Estimation (TDE) and Arithmetic Optimization 

Algorithm (AOA) to enhance control performance. The 

proposed controller, OTDISMC, is designed to eliminate 

chattering and improve robustness against disturbances 

without relying on system dynamics. Contrary to the 

conventional controllers structures which depended on the 

system dynamic in their schemes, a model free controller is 

formulated without using system dynamics in its formulation. 

Time delay estimation technique has been undertaken as an 

efficient approximating strategy to approximate and 

compensate the lumped uncertain dynamics of the system. 

AOA has been undertaken to determine the optimum solutions 

of the coefficients of proposed control approach. The stability 

has been analyzed and investigated using the Lyapunov 

stability criterion. To show the effectiveness and validity of the 

developed controller, computer simulations in nominal and 

robustness scenarios have been carried out and compared with 

TDISMC that tuned by trial and error and PSO-TDISMC that 

tuned by particle swarm optimization (PSO). Simulation 

results demonstrate that OTDISMC significantly reduces 

tracking errors and improves robustness. The results indicate 

the superiority of the proposed controller as compared with 

traditional TDISMC tuned by classical methods and PSO-

TDISMC tuned by particle swarm optimization (PSO). 

Keywords—MEMS Gyroscope; Sliding Mode Control; 

Arithmetic Optimization Algorithms; Time Delay Control; Model 

Free Controllers.  

I. INTRODUCTION  

 Recently, Micro gyroscopes has been considered as one 

of the most well-known devices that are used in 

measurement technology. MEMS gyroscopes is the core 

element of inertial navigation system. MEMS gyroscopes 

normally used in measurement process of angular velocity 

of different devices. Due to its unique properties represented 

by compact size, suitable price, low power consumption, 

MEMS gyroscopes have been undertaken as an efficient 

angular velocity instrument in wide range of applications 

such as: aviation, aerospace, automobiles, smart robotics, 

military, marine and bioengineering [1]-[2].  

MEMS gyroscopes are critical components in various 

applications, but their performance can be adversely 

affected by uncertainties and external disturbances. MEMS 

gyroscopes normally have lots of drawbacks during their 

works in outside areas like temperature variation, 

unexpected variation in model parameters as well as the 

incorrectness in manufacturing errors [3]. To cope with 

these disadvantages and to enhance the sensitivity and 

accuracy of micro gyroscopes, the developing of effective 

controller has become very urgent issue. The existence of 

these shortcomings will decrease the sensitivity and 

accuracy of MEMS gyroscopes [4][5]. 

Various control strategies, including model-based 

adaptive control [6], back stepping and sliding mode 

controllers [7]-[14], observer based controllers [15]-[18], 

fractional order control [19], neural networks and fuzzy 

control [20]-[25], have been proposed to improve MEMS 

gyroscope performance. However, many of these methods 

rely on system dynamics or are computationally intensive. 

In spite getting   good results from these strategies, it is 

found they are not sufficient for real time applications this is 

because of the needing of these methods to include 

dynamics of system in their formulations [26]. The 

numerous parameters obtained from using these schemes 

may greatly weaken the possibility of using them in 

practical applications [27]. On the other hand, neural 

networks and fuzzy Control schemes have many drawbacks 

and disadvantages during their use such as requiring 

sophisticated training for tuning the parameters of their 

structures which significantly impact on the overall control 

performance [28][29]. Hence, neither intelligent nor 

traditional model-based approaches is proved to be suitable 

for these complicated applications. 

Recently, Time Delay Control (TDC) has been adopted 

as a useful and successful replacement for the previously 

described techniques [30]. The structure of Time delay 

control can be comprised into two main parts: Robust 

control part and Time Delay Estimation part (TDE) [31]. 

The core of Time delay control approach is time delay 

estimation part (TDE). Time delay estimation is a simple 

but effective approximation approach which has the 

efficiency of solving mentioned problems in a simple way 

[32]. The main objective behind choosing TDE as an 
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approximation method is to estimate the lumped unknown 

dynamics of the system. TDE effectively used the time- 

delayed values of system states to estimate the present 

system dynamics, leading to an fascinated model-free 

structure [33]. 

The second part of time delay control is the robust 

control part which is used to improve the overall control 

performance of various complicated practical applications. 

Thanks to having these effective and sufficient two parts 

and its simplicity, TDC structures have been undertaken in 

various kinds of real time complicated systems, such as 

overhead cranes [34], wearable exoskeletons [35], quad 

rotor systems [36], nonlinear systems [37], induction motor 

[38], biped robot [39]. 

To ensure an excellent and effective control 

performance, huge efforts had been made in developing the 

robust control part of TDC approach. On of attractive robust 

control methods is Sliding mode control (SMC) method.     

SMC has lots of fascinated features that made it as the 

primary choice by scholars and researchers. SMC has the 

ability to handle the external disturbances and the 

uncertainties in model parameters of nonlinear dynamic 

systems. In addition, SMC has low sensitivity to the 

variations in system’s parameter [40]-[42]. Consequently, 

sliding mode (SM) control and its improved schemes have 

been proved to be effective schemes to ensure excellent 

control performance and have been used and applied in 

TDC schemes for different applications [43]-[48]. 

Normally, the tuning of robust controller parameters can 

be carried out using trial-and-error approach. In actual 

situation, the trial-and-error strategy is vary exhausted and 

inaccurate. In addition, the incorrect adjusting of these 

coefficients may lead to reducing the accuracy and efficacy 

of the developed controller and in some cases may cause to 

the instability problem [49]. Recently, Meta-heuristic 

optimization algorithms techniques have adopted as an 

interesting multi-disciplinary research field [50]. Meta-

heuristic techniques have been used as an efficient approach 

to adjust the coefficients   of robust controller in effective 

manner providing the better performance for the controller 

[51]. One of the recently developed meta-heuristic 

algorithms is an Arithmetic Optimization Algorithm (AOA) 

which has been developed in 2021 [52]. AOA is inspired 

from main behavior of the arithmetic operators in the 

mathematics [53]. In the present work, the arithmetic 

Optimization Algorithm (AOA) has been undertaken to 

optimize the parameters of proposed controller. Thus, this 

study introduces a model-free optimal integral sliding mode 

controller (OTDISMC) that integrates Time Delay 

Estimation (TDE) with Arithmetic Optimization Algorithm 

(AOA). Unlike conventional methods, this approach does 

not depend on system dynamics and provides an efficient 

means to handle uncertainties. The scheme of proposed 

controller combines the properties and attributes of an 

integral sliding mode control that tuned by effective and 

sufficient optimization algorithm (AOA) and time delay 

estimation which is undertaken in order to estimate and 

compensate the lumped unknown system dynamics. To the 

best of the authors’ knowledge, no previous works have 

been developed to make a combination between TDE 

scheme and Integral SMC that tuned by AOA for MEMS 

gyroscope systems. Hence, we can summarize the main 

points that indicate our contribution in this paper as follows:  

(a) Developing a model-free controller combining TDE and 

integral sliding mode control. 

(b) Using AOA for parameter optimization.  

(c) Analyzing stability using Lyapunov methods. 

(d) Validating the approach through comparative 

simulations.  

This paper is organized as follows: in the second section, 

the mathematical model of the MEMS gyroscope   system is 

accomplished. The third section is devoted for formulating 

the scheme of optimal model free controller based on time 

delay estimation and integral sliding mode surface. The 

analysis of the stability of the MEMS gyroscope system is 

carried out in the end of this section. The fourth section is 

concerned with introducing the procedure work for AOA. 

The results of computer simulation and the analysis of 

system performance are explained in section Five. The 

section six introduces the conclusion and prospective work 

of this paper. 

II. MATHEMATICAL MODEL OF MEMS   GYROSCOPE  
The mechanical structure for z-axis MEMS gyroscope 

system has been exhibited in In Fig. 1. It is obvious from 

figure that springs and dampers have been undertaken for 

attaching a rigid body with a mass. Two types of modes 

usually associated with MEMS gyroscope. The first mode is 

the driving mode whereas the second mode is sensing mode. 

These two modes of MEMS gyroscope can be taken as a 

second-order system of spring-mass-damping system [19]. 

According to this concept, the fundamental coordinates of 

rotation of MEMS gyroscope axes is formulated. The 

driving vibration represent the x-axis of MEMS Gyroscope, 

whereas sensing vibration refer to the direction of y-axis of 

MEMS gyroscope, the direction of input angular velocity 

can be represented by the z-axis [21]. 

The dynamic equations of MEMS gyroscope can be 

acquired by using the fundamentals of Newton’s law [22] 

[54]. By consideration the influence of errors in the 

manufacturing of the MEMS gyroscope and considering the 

linearization process of the dynamical model, the dynamic 

equations of MEMS gyroscope can be expressed as [24]: 

𝑚�̈� + 𝑑𝑥𝑥 �̇� + 𝑑𝑥𝑦�̇� + 𝑘𝑥𝑥𝑥 + 𝑘𝑥𝑦𝑦 = 𝑢𝑥 + 2𝑚𝛺𝑧�̇� 

𝑚�̈� + 𝑑𝑥𝑦�̇� + 𝑑𝑦𝑦�̇� + 𝑘𝑥𝑦𝑥 + 𝑘𝑦𝑦𝑦 = 𝑢𝑦 − 2𝑚𝛺𝑧�̇� 
(1) 

Where: m refer to mass of the block system mass. 

𝑑𝑥𝑥, 𝑑𝑦𝑦  stands for the coefficients of damping for X & Y 

axes respectively. 𝑘𝑥𝑥 , 𝑘𝑦𝑦  are the spring coefficients of X 

& Y axes respectively. 𝑘𝑥𝑦 represents the coupling 

coefficient. 𝑑𝑥𝑦  can be defined as the manufacturing errors 

parameter 𝑢𝑥, 𝑢𝑦 refer to control input signals of X&Y axes 

respectively. 𝑥 represent the X-axis coordinate, 𝑦 is the Y-

axis coordinate. Ωz represent Z-axis angular velocity. 

The mathematical model derive in Eq. (1) has 

dimensional form. this form makes the numerical simulation 

more difficult and makes the controller design more 
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complex [21]-[25]. In fact, Dimensionless method is very 

important in simulation of the system and has the ability to 

realize the simulation easily [55]. 

 

Fig. 1. Schematic structure of a z-axis micro gyroscope [54] 

In addition to these properties, dimensionless method 

provides unified mathematical formula that is used in the 

design of various types of controllers of MEMS gyroscope 

systems. 

Hence, the using of dimensionless technique has become 

very urgent to be applied in MEMS gyroscope system 

model to simply the design of developed controllers [56].  

Consequently, the non-dimensional formula of MEMS 

gyroscope system can be acquired by making the division 

process on both sides of Eq. (1) by 𝑚, 𝑞0and𝜔0
2. In fact, 

𝑚, 𝑞0, and 𝜔0
2 have been considered for converting Eq. (1) 

into a dimensionless form. 𝑞0  can be defined as the 

reference length while 𝜔0
2  represent resonance frequency 

square. According to above, dimensionless form of MEMS 

gyroscope can be obtained as [55]-[56]: 

�̈� + 𝑑𝑋𝑋�̇� + 𝑑𝑋𝑌�̇� + 𝜔𝑋
2𝑋 + 𝜔𝑋𝑌𝑌 = 𝑢𝑋 + 2𝛺𝑍�̇� 

�̈� + 𝑑𝑋𝑌�̇� + 𝑑𝑌𝑌�̇� + 𝜔𝑋𝑌𝑋 + 𝜔𝑌
2𝑌 = 𝑢𝑌 − 2𝛺𝑍�̇� 

(2) 

Where: 

𝑑𝑋𝑋 =
𝑑𝑥𝑥

𝑚𝜔0
, 𝑑𝑋𝑌 =

𝑑𝑥𝑦

𝑚𝜔0
 , 𝑑𝑌𝑌 =

𝑑𝑦𝑦

𝑚𝜔0
, 𝜔𝑋

2 =
𝑘𝑥𝑥

𝑚𝜔0
2 , 𝜔𝑌

2 =

𝑘𝑦𝑦

𝑚𝜔0
2 ,  𝜔𝑋𝑌 =

𝑘𝑥𝑦

𝑚𝜔0
2 , 𝛺𝑍 =

𝛺𝑧

𝑚𝜔0
 

𝑢𝑋 =
𝑢𝑥

𝑚𝜔0
2𝑞0

    , 𝑢𝑌 =
𝑢𝑦

𝑚𝜔0
2𝑞0

 . 

𝑋 =
𝑥

𝑞0
,  𝑌 =

𝑦

𝑞0
  

If we express Eq. (2) in the vector form, following equations 

can be acquired [24]: 

�̈� + 𝐷�̇� + 𝐾𝑞 = 𝑢 − 2𝛺�̇� (3) 

�̈� + (𝐷 + 2𝛺)�̇� + 𝐾𝑞 = 𝑢 + 𝑑 (4) 

Where  𝑑 expresses the unknown external disturbances, and  

𝑞 = [
𝑋
𝑌
] , 𝐾 = [

𝜔𝑋
2 𝜔𝑋𝑌

𝜔𝑋𝑌 𝜔𝑌
2 ] ,  𝐷 = [

𝑑𝑋𝑋 𝑑𝑋𝑌
𝑑𝑋𝑌 𝑑𝑌𝑌

] , 𝑢 = [
𝑢𝑋
𝑢𝑌
] , 

 𝛺 = [
0 −𝛺𝑍
𝛺𝑍 0

]. 

III. MODEL FREE OPTIMAL INTEGRAL SLIDING MODE 

CONTROL BASED ON TDE AND AOA   
In this section, the optimal model-free control law 

(OTDISMC) based on TDE and ISMC for MEMS 

gyroscope system is designed to guarantee the error 

convergence in the presence of parameter variations and 

outside disturbances. First, we give brief introduction about 

TDE. Then, an integral sliding mode surface is introduced to 

develop the controller based on time delay estimation 

approach. Later, the stability analysis of the system under 

TDISMC is verified using Lyapunov stability criterion. 

Finally, to overcome the limitation associated with trial and 

error method, we introduced the optimized version of the 

controller (OTDISMC) which depends on Arithmetic 

Optimization Algorithm (AOA ) to tune its parameters.    

A. Overview of Time Delay Estimation (TDE)     

Time-delay estimation is a famous approach that was 

developed by Toumi and Ito [57] and Hsia and Gao [58]. 

The basic concept of Time-delay control includes using 

time-delayed state variables and control input to estimate 

the current dynamics of the system in case of having the 

controller a suitable short sampling period. In spite of the 

simplicity in its form, TDE scheme is numerically adequate 

and very resilient [59]. To develop a model free controller 

based on TDE, the following definition is introduced:  

Definition1. [57]. The nonlinear system of function 𝑥(𝑡) 
can be expressed as follows: 

�̇�(𝑡) = 𝑓(𝑥, 𝑡) + 𝐵(𝑥, 𝑡)𝑢(𝑡) + 𝑑(𝑡) (5) 

Where:𝑓(𝑥, 𝑡) refer to unknown system dynamics, 𝐵(𝑥, 𝑡) 
stands for distribution matrix, 𝑑(𝑡) represent the unknown 

external disturbance, and 𝑢(𝑡) stands for the control input. 

By separation between the known and unknown dynamics, 

Eq. (5) is expressed as follows: 

𝑓(𝑥, 𝑡) +  𝑑(𝑡)  =  𝑥 ̇(𝑡) − 𝐵(𝑥, 𝑡)𝑢(𝑡) (6) 

For performing TDE and obtaining the estimation of 

unknown dynamics with time delay L, Eq. (6) can be 

rewritten: 

𝑓(𝑥, 𝑡) + 𝑑(t) = 𝑓(𝑥, 𝑡 − 𝐿) +  𝑑(t − L)
= �̇�(𝑡 − 𝐿) − 𝐵(𝑥, 𝑡 − 𝐿)𝑢(𝑡 − 𝐿) 

(7) 

where�̂�(𝑥, 𝑡), 𝑑(t) are the estimation of unknown system 

dynamics.  

B. Controller Development    

For performing TDE in effective manner, the dynamic 

equation of a MEMS gyroscope in Eq. (4) can be expressed 

as [60]: 

𝑁 �̈� + 𝛹(𝑞, �̇�, �̈�) = 𝑢 (8) 

Where: 

Ψ(𝑞, �̇�, �̈�) = �̈� − 𝑁 �̈� + (𝐷 + 2Ω)�̇� + K𝑞 − 𝑑 (9) 

and  𝑁  is positive constant diagonal matrix which can be 

invertible whereas 𝛹(𝑞, �̇�, �̈�)  represent lumped unknown 

dynamics of MEMS gyroscope (for simplification we will 

denote 𝛹(𝑞, �̇�, �̈�) as𝛹 in the remaining of this paper).       
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Hence, we can formulate the tracking error of the MEMS 

gyroscope by using Eq. (8) as follows: 

𝑁 �̈� + Ψ = 𝑢 − 𝑁�̈�𝑑  (10) 

�̈� = 𝑁−1(𝑢 − 𝑁�̈�𝑑 − Ψ) (11) 

Where, 𝑞 and 𝑞𝑑  represent the current and desired positions 

for x & y axes respectively. �̇�  and �̇�𝑑  are the current and 

desired velocity for x & y axes respectively. �̈� and 

�̈�𝑑  represent the current and desired acceleration for x&y 

axes respectively. �̈� = �̈� − �̈�𝑑  refer to the second time 

derivative of tracking error. In fact, the designing of model-

free control using TDE with integral sliding mode controller 

includes two main parts. The first part includes formulating 

the efficient sliding surface and the second part is concerned 

with developing model-free scheme based on TDE. In this 

paper, an integral sliding surface ISMC is adopted. ISMC 

offers the benefits of integral skidding surface which has an 

excellent property of convergence speed. This property 

gives ISMC the superiority over other schemes of sliding 

mode manifolds. In this paper, the following sliding surface 

is undertaken [41]: 

𝑠 = �̇� + 2𝜆𝑒 + 𝜆2∫𝑒 𝑑𝑡 (12) 

Where 𝑒 = 𝑞 − 𝑞𝑑  is the position error, �̇� = �̇� − �̇�𝑑  refer to 

the first time derivative of position error, 𝜆  is positive 

vector. The derivative of the selected sliding surface can be 

determined by using Eq. (11) as follows: 

�̇� = �̈� + 2𝜆�̇� + 𝜆2𝑒 = 𝑁−1(𝑢 − 𝑁�̈�𝑑 −Ψ) + 2𝜆�̇� + 𝜆
2𝑒 (13) 

In sliding mode controller theory, the control signal 

usually consists of two main parts: equivalent control part 

and reaching control law part. The equivalent part can be 

obtained by setting ṡ = 0. Whereas reaching control term is 

added to guarantee the robustness of the system towards 

unknown dynamics. In this study, the following reaching 

control part is considered: 

�̇� = −𝜂𝑠𝑔𝑛(𝑠) (14) 

Where η  is a constant vector. Thus, the model-free control 

of the unknown uncertain dynamics of MEMS Gyroscope 

subjected to unknown external disturbances can be 

determined to be: 

𝑢 = Ψ + 𝑁�̈�𝑑 − 2𝑁𝜆�̇� − 𝜆
2𝑁𝑒 − 𝑁 𝜂𝑠𝑔𝑛(s) (15) 

the control performance can be effected because of existing 

the uncertainties in 𝛹(𝑞, �̇�, �̈�). Therefore, 𝛹(𝑞, �̇�, �̈�)  can be 

estimated using TDE and using Eq. (5)-(8) as following: 

Ψ̂ = Ψ𝑡−𝐿 = u𝑡−𝐿 −𝑁 �̈�𝑡−𝐿 (16) 

Where ( 𝑡 − 𝐿 ) denotes a delayed value with a delayed 

time 𝐿. It is obvious from Eq. (16) that for a very small 𝐿, �̂� 

converges to 𝛹. The time-delayed acceleration �̈�𝑡−𝐿can be 

computed by the following approximation [60]: 

�̈�𝑡−𝐿 =
1

𝐿2
(𝑞t−L − 2𝑞t−2L + 𝑞t−3L) (17) 

Consequently, the developed model free controller can be 

acquired by substituting by Ψ  in its estimate �̂�  in in the 

control law in Eq. (15) as: 

𝑢 = Ψ̂ + 𝑁�̈�𝑑 − 2𝑁𝜆�̇� − 𝜆
2𝑁𝑒 − 𝑁 𝜂 𝑠𝑔𝑛(s) (18) 

Thus, the proposed scheme TDISMC developed in Eq. 

(18) when applied to the MEMS gyroscope model in Eq. 

(4), the angular position 𝑞  tracks the desired trajectory 𝑞d 

appropriately and effectively.   

C. Stability Analysis    

According to the fundamentals of control system theory, 

its essential to prove that our developed control has the 

ability to guarantee robust stability of the MEMS gyroscope 

system in spite of the existence of model uncertainties and 

external disturbances. In this work, the analysis of stability 

of z-axis MEMS gyroscope system developed in Eq. (4) can 

be verified by using a well-known Lyapunov stability 

criterion. 

Theorem1. If we consider dynamics of the MEMS 

gyroscope in Eq. (4) with the chosen sliding manifold in Eq. 

(12), the trajectory of the closed-loop system is converge in 

a finite time under proposed controller developed in Eq. 

(18). 

Proof. If we take the following Lyapunov function 

candidate as a candidate function: 

𝑉(𝑡) =
1

2
𝑠(𝑡)𝑇𝑠(𝑡) (19) 

Taking the first time derivative for Eq.  (19), we get: 

�̇�(𝑡) = 𝑠(𝑡)𝑇�̇�(𝑡) (20) 

Substituting Eq. (13) into Eq. (20), one obtains: 

�̇�(𝑡) = 𝑠(𝑡)𝑇{𝑁−1(𝑢 − 𝑁�̈�𝑑 − Ψ) + 2𝜆�̇� + 𝜆
2𝑒} (21) 

Moreover, substituting Eq.  (18) into Eq. (21), one has: 

�̇�(𝑡) = 𝑠(𝑡)𝑇{𝑁−1(Ψ̂ + 𝑁�̈�𝑑 − 2𝑁𝜆�̇� − 𝜆
2𝑁𝑒

− 𝑁 𝜂𝑠𝑔𝑛(s)  − 𝑁�̈�𝑑 −Ψ) + 2𝜆�̇�
+ 𝜆2𝑒} 

(22) 

Then, we can get: 

�̇�(𝑡) = 𝑠(𝑡)𝑇{𝑁−1(Ψ̂ −  𝜂𝑠𝑔𝑛(s) − Ψ } (23) 

By simplification of above equation, Eq. (24) can be 

deduced as: 

�̇�(𝑡) = −η‖𝑠‖ − 𝑁−1‖𝜉‖ ‖𝑠‖ } (24) 

Where: 𝜉 = −(�̂� − 𝛹)  refer to the error obtained after 

TDE process. This TDE error 𝜉 is bounded with  |𝜉𝑖| ≤ 𝜎𝑖    
where 𝜎𝑖 > 0, 𝑖 = 1, 2, … . . 𝑛. 

Because the values of 𝜂 > 0, 𝑁 > 0 . The verification of 

stability of the closed loop system has been accomplished. 

Remark 1: One of the common drawbacks associated with    

sliding mode controller performance is the existence of 

chattering phenomenon. Therefore, to overcome and 

eliminate the chattering problem, the sign function in Eq.  

(14) is replaced by a smooth hyperbolic tangent function 

which has the following formula [61]-[63]: 

tanh(s) =
es − e−s

es − e−s
 (25) 
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D. Optimal Integral Sliding Mode Based on Time Delay 

Estimation (OTDISMC) 

The tuning of controller parameters of TDISMC in Eq.  

(18) (𝜆, 𝑁 , 𝜂) is normally carried out using trial and error 

strategy. However, this approach is time consuming and 

tedious. To handle the drawbacks associated with using trial 

and error method, a relatively new meta-heuristic 

optimization technique called Arithmetic Optimization 

Algorithm (AOA) which introduced in detail in section IV is 

considered to optimize the coefficients of TDISMC 

controller. Hence, we obtain OTDISMC controller which 

has the following formula: 

𝑢 = Ψ̂ + 𝑁∗�̈�𝑑 − 2𝑁
∗𝜆∗�̇� − 𝜆∗2𝑁∗𝑒 − 𝜂∗ 𝑁∗𝑠𝑔𝑛(s) (26) 

Where: (𝑁∗, 𝜂∗, 𝜆∗), represent optimized values of TDISMC 

parameters. The block diagram that indicate the 

methodology of proposed OTDISMC are depicted in Fig. 2. 

Remark 2: In Eq. (26), we can observe that the gain matrix 

N has been multiplied with all items of the developed 

controller which reflects its significant   role in the structure 

of the controller. Therefore, using trial and error technique   

in determining the value of N may cause to decreasing the 

precision. In our study, AOA has been used to assign the 

values of N matrix. Most of the works developed in past 

used the trial and error as a method for tuning the matrix N. 

From this perspective, one of the main aims of the present 

work is using aan efficient optimization technique to obtain 

the matrix the values of N matrix appropriately. 

 

Fig. 2. Block diagram of integral sliding mode controller tuned by AOA 

algorithm based on Time Delay Estimation 

IV. ARITHMETIC OPTIMIZATION ALGORITHM  

Arithmetic Optimization Algorithm (AOA) is a 

population-based meta-heuristic optimization algorithm 

AOA is mainly inspired from the behavior of the well-

known arithmetic operations that are used usually in the 

mathematics. It is depends on common four operators used 

in calculations: multiplication (M), division (D), addition 

(A), and subtraction (S). The first two operators which are 

the multiplication and division operators are used to explore 

the search space in exploration phase, whereas exploitation 

phase include the addition and subtraction operators 

[64][65]. 

To distinguish between two phases, math accelerated 

optimizer MOA function has been used. The expression of 

MOA function can be written as [66]: 

𝑀𝑂𝐴(𝑖𝑡𝑒𝑟) = Min +× (
𝑀𝑎𝑥 − 𝑀𝑖𝑛

𝑀𝑎𝑥𝑖𝑡𝑒𝑟
 ) (27) 

Where: iter  refer to the current iterations and maxiter 
stands for maximum iterations. Min is the minimum value 

of MOA function and Max represent maximum value of the 

MOA function [64].  

Two phases determined according to the value of MOA. 

Exploration phase occurs when condition ( 𝑟1 >MOA ) is 

verified whereas Exploitation phase occurs when condition 

( 𝑟1 <  MOA ) is verified where 𝑟1 is a random generated 

number. In Exploration phase, the update process can be 

performed by considering the math operator in the AOA 

toward the optimum area. Two operation multiplication (M) 

and the division (D) are mainly divided in Exploration 

phase. The main objective of this division is to determine 

the optimal solutions on AOA. In the exploration phase, the 

positions are updated according to the following formula 

[64]: 

𝑥𝑖,𝑗(𝑖𝑡𝑒𝑟 + 1)

=  

{
 
 

 
 𝑏𝑒𝑠𝑡(𝑥𝑗) ÷ (𝑀𝑂𝑃 + 𝜀) × ((𝑈𝐵𝑗−𝐿𝐵𝑗) × 𝜇 + 𝐿𝐵𝑗  )

𝑟2 > 0.5              (𝑎)

𝑏𝑒𝑠𝑡(𝑥𝑗) × (𝑀𝑂𝑃 + 𝜀) × ((𝑈𝐵𝑗−𝐿𝐵𝑗) × 𝜇 + 𝐿𝐵𝑗  )

𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒     (𝑏)

     
(28) 

The jth position of the ith solution at the current position 

is defined using 𝑥𝑖,𝑗(𝑖𝑡𝑒𝑟 + 1), while 𝑏𝑒𝑠𝑡(𝑥𝑗) refer to the 

best solution obtained till now represented by the jth 

position. 𝜀 is a small integer number, 𝑈𝐵𝑗  and 𝐿𝐵𝑗 denote to 

the upper bound value and lower bound value of the jth 

position, respectively. 𝑟2 is a random generated number, 𝜇 is 

a control parameter to adjust the search process. MOP refer 

to probability math optimizer which can be expressed as 

[66]: 

𝑀𝑂𝑃(𝑖𝑡𝑒𝑟) = 1 − (
𝑖𝑡𝑒𝑟 

1
𝛼⁄

𝑚𝑎𝑥𝑖𝑡𝑒𝑟 
1
𝛼⁄
) (29) 

Where α is a sensitive parameter and defines the 

exploitation accuracy over the iterations, which is fixed 

number. The second phase in AOA procedure is an 

Exploitation phase, The main objective of this phase is to 

acquire high-dense and optimal solutions. Exploitation 

phase depends on the work of two main subtraction (S) and 

the addition (A) operators. The expression that illustrate the 

work of this phase can be written as [67]: 

𝑥𝑖,𝑗(𝑖𝑡𝑒𝑟 + 1)

=  

{
 
 

 
 𝑏𝑒𝑠𝑡(𝑥𝑗) ÷ (𝑀𝑂𝑃 + 𝜀) × ((𝑈𝐵𝑗−𝐿𝐵𝑗) × 𝜇 + 𝐿𝐵𝑗 )

𝑟3 > 0.5              (𝑎)

𝑏𝑒𝑠𝑡(𝑥𝑗) × (𝑀𝑂𝑃 + 𝜀) × ((𝑈𝐵𝑗−𝐿𝐵𝑗) × 𝜇 + 𝐿𝐵𝑗  )

𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒     (𝑏)

 
(30) 

𝑟3 is a random generated number. In this work, we consider 

an integral time absolute error (ITAE) index as a cost 

function. ITAE criteria is used for measuring and evaluating 
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positions of AOA. (ITAE) criteria has the following 

expression: 

ITAE = ∫ 𝑡|𝑒|
𝑇

0

𝑑𝑡 (31) 

The flowchart that explain the procedure work of the 

AOA is depicted Fig. 3 whereas the position update 

depending on the AOA algorithm is exhibited in Fig. 4. 

To clarify the validity and effectiveness of our proposed 

control scheme, simulation studies were implemented in 

Matlab/Simulink. The dynamic model described above will 

be simulated using MATLAB commands for solving 

ordinary differential equations. A block diagram of the 

simulation process is shown in Fig. 5.                      

 

Fig. 3. AOA flowchart [52] 

 

Fig. 4. Position update process for AOA algorithm [64] 

V. RESULTS AND DISCUSSION 

The efficacy of proposed controller (OTDISMC) 

developed in Eq. (26) is tested by comparing it with 

TDISMC developed in Eq. (18) that is tuned by trial and 

error method and the PSO-TDISMC that tuned by PSO 

algorithm [68][69]. Three tests are conducted to carry out 

the comparison. The first test is nominal test where the 

nominal values of MEMS gyroscope system is adopted. The 

second test is the robustness test where the external 

disturbance and model uncertainties of MEMS gyroscope 

parameters have been considered. 

The third test is concerned with comparison process 

between our proposed controller (OTDISMC) and PSO-

TDISMC that tuned by PSO algorithm [70]. 

The values of the adopted MEMS gyroscope have been 

taken as follows [2][54]: 

m = 1.8 ∗ 10−7k, kxx = 63.955
N

m
, kyy = 95.92N/m,  

kxy = 12.779
N

m
, dxx = 1.8 ∗

10−6Ns

m
, dyy = 1.8 ∗

10−6Ns/m, dxy = 3.6 ∗ 10
−7Ns/m.  

The value of angular velocity of the input is taken as: ΩZ =
100 rad/sec . To simplify the design of the developed 

controller and implementation for numerical simulation, the 

dimensionless form for MEMS gyroscope is undertaken. 

Hence, the value of reference length has been selected as: 

q0 = 1μm and reference frequency ω0 =
1000 Hz. Consequently, the values of dimensionless 

parameters of MEMS gyroscope haven obtained to be:dxx =
0.01, dxy = 0.002, dyy = 0.01, ωx

2 = 355.3,  𝜔𝑦
2 =

532.9,  ωXY = 70.99,  ΩZ = 0.1.  

The desired trajectories of the two axes of MEMS 

gyroscope have been chosen to be: 𝑞𝑑1 = sin(πt), 𝑞𝑑2 = 

cos(πt). The initial conditions positions and velocities for 

two axes for both controllers are chosen as: 𝑞1(0) =
0.2, 𝑞1̇(0) = 1, 𝑞2(0) = 0.5, 𝑞2̇(0) = 1. The parameter 

values TDISMC controller which determined by trial and 

error method have been chosen as: 𝜆 = diag(10,10), 𝜂 =
diag(0.5,0.5 ), N = diag(2,5) . 

 

Fig. 5.  Block diagram for simulation MEMS gyroscope  

The parameter values OTDISMC controller which 

determined by using AOA algorithm after 120 iterations 

have been obtained as:    𝜆∗ = diag(13.1,7.9), 𝜂∗ =
diag(0.13,0.42 ), N∗ = diag(3.88,6.77). The constant time 

delay has be selected to be L= 0.0001. Parameters values of 

AOA parameters are indicated in Table I. To investigate the 

tracking response performance for OTDISMC and TDISMC 
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controllers, an integral absolute value error (IAE) and 

integrated squared errors (ISE) have been adopted which 

have the following expressions: 

𝐼𝐴𝐸 =  ∫|𝑒|  𝑑𝑡 (32) 

𝐼𝑆𝐸 =  ∫|𝑒| 𝑇|𝑒| 𝑑𝑡 (33) 

We can observe the performance of objective function of 

AOA after 120 iterations in Fig. 6. It is cleared from figure 

that objective function convergence has been verified after 

22 iteration. This indicate the effectiveness and efficiency of 

this algorithm to tune the coefficients of the developed 

controller adequately. The evolutions of trajectory tracking 

position, velocity tracking and position tracking error, in 

case of nominal values haven been depicted in Figs. 7-9 

respectively. It is evident from figures that the two 

controllers that were synthesized based on time delay 

control strategy have an excellent tracking performance and 

good minimizing for the tracking errors. However, 

OTDISMC controller has the better performance because of 

the presence of AOA that is used in tuning the controller 

coefficients. This reflects the vital role of AOA in controller 

work. It is obvious that the OTDISMC controller can track 

the desired trajectory for X and Y axes in quick manner. In 

addition, the smallest values of errors has been acquired 

using OTDISMC controller as compared with TDISMC 

controller. If we take Fig.10 to analyze, we can observe that 

the control input signals for the two controller are very 

smooth due to the using of integral sliding mode surface and 

hyperopic tangent function which are able to reduce the 

chattering effect in adequate manner. Fig. 11 illustrate the 

convergence of the integral sliding mode surface 𝑠(𝑡) for 

two axes under two control methods. It is noted that the 

integral sliding surface converge to zero quickly under 

OTDISMC.  The quantitative values of IAE and ISE indices 

under nominal test are exhibited in Fig. 12 and Fig. 13 and 

reported in Table II and Table III. The results clearly 

indicate that OTDISMC has the lowest values of IAE and 

ISE indices as compared TDISMC controller. The second 

simulation has been achieved in existence of uncertainties 

and in the presence of external disturbance. For model 

uncertainties, the spring and damping coefficients assumed 

to be changed by ±20% with respect to their nominal values 

and the coupling terms  𝜔𝑋𝑌  and  𝑑𝑋𝑌 are changed by ±30% 

[2]. Random signal d = [0.5 rand (1, 1); 0.5rand (1, 1)] has 

been considered as external disturbance, in fact the using of 

this value of random signal has been adopted from [25] 

[54][55]. The results of this test have been depicted in Fig. 

14 to Fig. 18. It is observed from these figures that 

OTDISMC controller have remained excellent and robust 

against system uncertainty in spite of the existing parameter 

variations and the presence of external disturbances. Thanks 

to the depending on TDE, ISMC and AOA in its structure, 

OTDISMC is still has the best comprehensive control 

performance, and it is still satisfactory. Moreover, the 

figures indicate clearly that TDISMC witnessed observable 

changes in its performance because of using trial and error 

approach in tuning its parameters. The IAE and ISE indices 

for the robustness test of two controllers under comparison 

have been explained in Table IV and Table V and illustrated 

in Fig. 19 and Fig. 20. It is observed from the quantitative 

values in Tables IV and Table V that our proposed 

controller gives lower IAE and ISE values as compared with 

TDISMC controller. This indicates the efficacy and validity 

of our developed controller. To be more specific and to sum 

up, OTDISMC and TDISMC offer excellent tracking of the 

desired trajectory under uncertainties in model parameters   

and in the presence of external disturbances. However, 

OTDISMC can guarantee relatively the best comprehensive 

control performance. 

To further explain the effectiveness our proposed 

controller of a comparative simulation has been performed 

between our controller (OTDISMC) and (PSO-TDISMC) 

that tuned by PSO algorithm. Table VI explain the 

parameter values for PSO that are used in simulation. 

The number of Iterations and population has been 

chosen as the same as for AOA for fair comparison. The 

results of this comparison have been explained in Fig. 21 to 

Fig. 24. It is easy to note the superiority of OTDISMC 

which tuned by AOA over PSO-TDISMC tuned by PSO. 

These results indicate the efficacy of AOA algorithm as 

compared with PSO. The values of IAE and ISE indices of 

this comparison have been indicated in Fig. 25 and Fig. 26 

and Table VII and Table VIII. It is obvious from these 

indices and tables that OTDISMC outperform PSO-

TDISMC in following the desired trajectory and 

minimization the tracking errors. 

In general, the validity of the proposed controller have 

been proved under two tests. It is conclude that the 

developed controller ensure excellent tracking performance, 

eliminate the chattering and has the ability to be robust 

against model uncertainties and external disturbances. 

 

Fig. 6. Evolution of objective function after 120 iterations 

 

Fig. 7. Trajectory tracking under two controllers for nominal values 
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Fig. 8. Velocity of two axes under two controllers for nominal values 

 

Fig. 9. Trajectory tracking error of two controllers for nominal values 

 

Fig. 10. Control input signals of for two controllers for nominal values 

 

Fig. 11. Sliding surfaces convergence of two controllers for nominal values 

 

Fig. 12. ISE performance Index for two controllers for nominal values 

 

Fig. 13. IAE performance Index for two controllers for nominal values 

 

Fig. 14. Trajectory tracking of for two controllers for robustness test 

 

Fig. 15. Velocity of two axes for two controllers for robustness test 
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Fig. 16. Trajectory tracking error for two controllers for robustness test 

 

Fig. 17. Control input signals of for two controllers for robustness test 

 

Fig. 18. Sliding surfaces convergence of two controllers for robustness     

test 

 

Fig. 19. ISE performance Index for two controllers for robustness test 

 

Fig. 20. IAE performance Index for two controllers for robustness test 

 

Fig. 21. Trajectory tracking of for two controllers under comparison 

 

Fig. 22. Velocity of two axes for two controllers under comparison 

 

Fig. 23. Trajectory tracking error for two controllers under comparison 
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Fig. 24. Control input signals of for two controllers under comparison 

 

Fig. 25. IAE performance Index for two controllers under comparison 

 

Fig. 26. ISE performance Index for two controllers under comparison 

TABLE I.  PARAMETERS VALUES FOR AOA 

Parameter Value 

Number of Populations 100 

Iterations 120 

𝜇 0.5 

𝜀 2 

α 5 

TABLE II.  IAE FOR TWO CONTROLLERS IN NOMINAL TEST 

Controllers 
axes 

X-axis Y-axis Two axes 

OTDISMC 0.0001 0.0007 0.0008 

TDISMC 0.0002 0.0034 0.0036 

 

TABLE III.  ISE FOR TWO CONTROLLERS IN NOMINAL TEST 

Controllers 
axes 

X-axis Y-axis Two axes 

OTDISMC 0.0030 0.0154 0.0184 

TDISMC 0.0033 0.0342 0.0375 

TABLE IV.  IAE FOR TWO CONTROLLERS FOR ROBUSTNESS TEST 

Controllers 
axes 

X-axis Y-axis Two axes 

OTDISMC 0.0002 0.0007 0.0009 

TDISMC 0.0106 0.0047 0.0153 

TABLE V.  ISE FOR TWO CONTROLLERS FOR ROBUSTNESS TEST 

Controllers 
axes 

X-axis Y-axis Two axes 

OTDISMC 0.0028 0.0156 0.0185 

TDISMC 0.0725 0.0404 0.1129 

TABLE VI.  PARAMETERS VALUES FOR PSO   

Parameter Value 

Number of Populations 100 

Iterations 120 

C1 2 

C2 2 

W 1.6 

TABLE VII.  IAE FOR CONTROLLERS UNDER COMPARSION 

Controllers 
axes 

X-axis Y-axis Two axes 

OTDISMC 0.0001 0.0007 0.0008 

PSO-TDISMC 0.0091 0.0026 0.0117 

TABLE VIII.  ISE FOR CONTROLLERS UNDER COMPARSION  

Controllers 
axes 

X-axis Y-axis Two axes 

OTDISMC 0.0029 0.0155 0.0184 

PSO-TDISMC 0.0767 0.0296 0.1063 

VI. CONCLUSION 

In this article, a model-free controller based on TDE, 

ISMC and arithmetic optimization algorithm has been 

synthesized for controlling of the Z-axis micro gyroscope. 

The controller has been synthesized by combining the 

advantages of TDE technique with integral sliding mode 

surface. The integral sliding mode control enabled the 

system to acquire excellent control performance, minimum 

tracking error, smooth control input signals and fast 

convergence. The lumped unknown dynamics of the MEMS 

gyroscope has been compensated and estimated by using 

Time Delay Estimation technique. To overcome the 

shortcomings associated with using classical trial and error 

method, AOA has been adopted to adjust the coefficients of 

developed controller. Stability of closed-loop system has 

been analyzed based on Lyapunov stability criteria. The 

proposed controller could be applied in real-world scenarios 

and has potential impact on industries that use MEMS 

gyroscopes. 

The results of computer simulation clearly indicate the 

efficacy of the proposed controller by providing excellent 

trajectory tracking performance, minimizing position and 

velocities errors and giving smooth control input signals. 

Additionally, the results proved that developed controller 
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has the ability to be robust in spite of the presence of model 

uncertainties and unknown external disturbances. The 

results also demonstrate the validity of the developed 

controller to compensate the unknown system dynamics for 

MEMS gyroscope in appropriate manner. 

In the future, our objective is developing another scheme 

time delay based control integrated with higher order sliding 

mode controller that overcome the possible limitation 

associated with current controller.  
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