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Abstract—The Backstepping Sliding Mode Control is a 

control technique used for controlling nonlinear systems. In this 

paper, the performance of the backstepping sliding mode 

controller schemes for the angular velocity control for a rotary 

actuator of an angular velocity control system that utilizes a 

novel hydraulic flow control method called inlet throttling was 

investigated. For the angular velocity dynamic, a linear state 

feedback with suitable high gain is designed as the virtual 

controller, where steady state error can be made arbitrarily 

small according to the gain value. A time varying sliding 

variable is then selected based on the designed virtual controller. 

The resulting control design is robust, and the maximum error 

of the angular velocity with respect to the desired value is 

derived via Lyapunov Function where its value can be 

controlled via suitable selections of the control parameters. The 

simulation results have been obtained based on the MATLAB 

software tools, which are system transient response, the 

performance and the robustness of the proposed control in 

forcing the angular velocity to track the reference value in spite 

of the uncertainty and disturbances in the system parameters 

were studied. The SMC is a more comprehensive solution for 

ensuring the best robustness of stability and performance for the 

model. The simulation results were generated using MATLAB 

software tools., which are system transient response, the 

proposed control performance and the robustness in forcing the 

angular velocity to track the reference value (100-2000 RPM) in 

spite of the uncertainty (+10%) and disturbances (5-30 N.m) in 

the system parameters are studied. 

Keywords—Inlet Throttling Velocity Control System; Robust 

Control; Sliding Mode Control; Nonlinear Systems; 

Backstepping. 

I. INTRODUCTION  

The hydrostatic transmission systems are widely used in 

many applications because the system has high efficiency of 

the primary power source, the system is highly efficient even 

under partial load. The hydrostatic transmission systems have 

some problems in controlling the angular velocity for the 

rotary actuator, mainly because of the uncertainties in the 

parameters. This proposed hydrostatic transmission system 

consists mainly of the inlet-throttled pump, a throttling valve 

for adjusting the pump flow rate, and a rotary actuator, as 

shown in Fig. 2. The proposed system regulates the volume 

of fluid flow, which determines the velocity of the actuator 

[1][2]. A suitable robust controller is required in order to 

improve the performance and stability of the system. The 

sliding mode controller is a discontinuous robust controller 

and it is used with systems in presence of the disturbances 

and the variation in their parameters. Backstepping control 

design is used for designing the sliding mode controller. It 

depends on Lyapunov Functions, where they are used as 

guides to ensure stability at each stage, where help us 

understand the system's energy and guarantees that the 

control law drives the system towards a desired equilibrium 

point [3][4]. Table I gives a definition of system model. 

TABLE I.  A DEFINITION OF SYSTEM MODEL 

Symbol Quantity 

𝒙𝟏 Angular displacement 

𝒙𝟐 Angular velocity 

𝒙𝟑 Pressure supply 

𝒙𝟒 Valve openning area 

𝒙𝟓 Valve openning area ratio 

𝒙𝟔 Control action 

𝑷𝑨 Fluid pressures on the input of the actuator 

𝑷𝑩 Fluid pressures output of the actuator 

𝑷𝑨 Pressure supply 

𝑽𝒂 
Volumetric displacement of the actuator per unit of 

rotation 

𝜼𝒂𝒕 Actuator Torque Efficiency 

𝑱 Mass moment of inertia 

𝒃 Viscous Damping Coefficient 

𝜽 Angular displacement 

𝜽̇ Angular velocity 

𝜽̈ Angular acceleration 

𝑽 Instantaneous volume of the chamber 

𝑽𝑶 Volume of the chamber when θ equals zero 

𝜷 Fluid bulk modulus of elasticity 

𝙌𝒊 Volumetric flow rate from the charge pump 

𝒌₁ Coefficient of leakage 

𝒌𝒔 Valve Static Gain 

𝒕𝒅 Valve Time Delay 

𝝎𝒏 Valve Natural Frequency 

𝒌𝒗 Constant of proportionality 

𝑨𝒗 Valve openning area 

𝑻𝒅 Disturbance Torque 

𝝃 Damping Ratio 

 

II. LITERATURE REVIEW 

Numerous studies investigated the use of the sliding mode 

controller to the hydraulic systems. A sliding mode adaptive 
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controller SMAC strategy for VEHPS system. The proposed 

algorithm combines can effectively deal with unknown 

mismatched disturbances and parametric uncertainties in the 

systems was proposed in [4]. The results shown that the 

developed sliding mode adaptive controller scheme can 

achieve high-performance tracking under the condition of 

parametric uncertainties and unknown mismatched 

disturbances. A sliding mode based control concept for 

position regulation of hydraulic cylinder was proposed in [5]. 

It is mainly composed of three parts: A nonlinear state 

feedback controller linearizing the pressurization system, a 

cascaded control structure consisting of an inner force control 

and an outer position control loop and an observer. The 

proposed sliding mode controller based on RBF neural 

network. The sliding mode controller has high effectiveness. 

A robust controller for the electro-hydraulic position servo 

system with respect to system parameters uncertainty was 

presented in [6]. This controller has effectiveness and the 

robustness of the proposed control in forcing the position to 

track the reference value in spite of the uncertainty in system 

parameters. The uncertainty in hydraulic system was found to 

be mainly dependent of the variation on load mass (20 to 25 

kg). A sliding mode observer approach to introduce the 

transformation scheme to make a system rational was 

implemented in [7]. The proposed fault estimation scheme 

essentially transforms the original system into two 

subsystems where the first one includes system uncertainties, 

but is free from sensor faults and the second one has sensor 

faults but without uncertainties. The effects of system 

uncertainties on the estimation errors of states and faults are 

minimized by integrating an H∞ uncertainty attenuation level 

into the observer. A sliding mode control for two mass 

systems connected by a flexible joint. The proposed 

controller consists of separating the system into upper and 

lower subsystems, with estimating the perturbation for the 

upper subsystem via SMPE. The connection between the two 

subsystem controller was then made using the backstepping 

approach was proposed in [8]. The results exhibit that the 

proposed control method improves the performance of 

systems compared to conventional control methods. A 

Sliding Mode Control (SMC) for spool position control of a 

two stage electro–hydraulic servo valve was proposed in [9]. 

The simulation results show that spool position is controlled 

to a desired position without oscillation.  An Adaptive 

Backstepping control design for controlling the angular 

position of Propeller-Driven Pendulum System (PDPS) in the 

presence of uncertainty in system parameters was proposed 

in [10]. The numerical results showed that the ABSC has 

better performance than STSMC and SMC in terms of steady-

state errors and peak overshoot. A novel SMC method, which 

combined with PID control strategy (PIDSMC) to overcome 

the chattering problem of original SMC was developed in 

[11], where the original SMC discontinuous control input 

caused by the high-frequency switching gain is replaced with 

a continuous control input determined by a proportional-

integral-derivative algorithm, which is consisted of the 

sliding surface and its derivative. A sliding mode controller 

with a neural network compensation scheme for electro-

hydraulic systems subject to an unknown dead-zone input 

was developed in [12]. The boundedness and convergence 

properties of the closed-loop signals are proven using 

Lyapunov stability theory. Numerical results are presented in 

order to demonstrate the control system performance. A 

discontinuous projection-based ASMC controller with 

variable sliding surface gain for position tracking control of 

an electro-hydraulic servo system was presented in [13]. The 

dynamic model of the valve-controlled system is first 

established and the corresponding state-space equation is 

obtained. Next, the parametric adaptive estimation law and 

discontinuous projection algorithm were designed to estimate 

289 unknown parameters of the EHSS, which could 

effectively overcome the influence caused by the parameter 

uncertainty. A sliding mode control for spool position control 

of a two stage electro–hydraulic servo valve was designed in 

[14]. The mathematical models of the system are described 

as 7 th and 3 rd order transfer functions with the derivatives 

of the control input. In order to incorporate the derivatives of 

the control input into the SMC design, the system was 

described with disturbance/uncertainty effects the proposed 

SMC design approach was simulated. The simulation results 

show that spool position is controlled to a desired position. 

In the present work, the flow rate is controlled by the inlet 

throttling valve and a fixed displacement Pump. The stability 

and performance of the closed-loop situations were studied. 

The main purpose of this paper is to design a robust controller 

to the model system in spite of the variation in parameters 

values. A Backstepping sliding mode controller for closed-

loop operation is utilized here to direct the actuator speed to 

the desired value with considering to parameters variation. 

The numerical simulations will demonstrate the effectiveness 

of the proposed controller with a broad range of the 

parameters variation. The multiplicative parametric 

uncertainty was studied, and the system's robustness was 

evaluated with six of the parameters are related to the valve 

dynamics which are the natural frequency, the damping ratio, 

the static gain, and the time delay, the other two parameters 

are the discharge coefficient and the fluid bulk modulus. All 

these parameter changes were considered within the range of 

(+/−) 10% of their nominal values. Time varying is used for 

chattering reducing and smoothing of time response.   The 

present work organized as follows: firstly, it is introduced an 

overview to the sliding mode control. secondly the model of 

the hydraulic system is presented in next section. After that 

the required steps and assumptions for designing a sliding 

mode control is introduced, the numerical results of the 

effectiveness of the proposed controller and the conclusions 

are presented in the latter sections. The results offered good 

high robustness for global stability and performance for 

multi-step input and multiplicative uncertainty. The 

multiplicative uncertainty was analyzed depending on six 

uncertain parameters. These parameter changes were 

considered within the range of (+/−) 10% of their nominal 

values. 

III. SLIDING MODE CONTROL AND BACKSTEPPING 

Sliding modes as a phenomenon may appear in a dynamic 

system governed by ordinary differential equations with 

discontinuous right-hand sides. The term sliding mode first 

appeared in the context of relay systems. 

In control systems, sliding mode control is a nonlinear 

control method that alters the dynamics of a nonlinear system 
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by applying a discontinuous control signal or more 

rigorously, a set-valued control signal that forces the system 

to slide along a cross-section of the system's normal behavior 

[14]. The state-feedback control law is not a continuous 

function of time. Instead, it can switch from one continuous 

structure to another based on the current position in the state 

space. Hence, sliding mode control is a variable structure 

control method. The multiple control structures are designed 

so that trajectories always move toward an adjacent region 

with a different control structure, and so the ultimate 

trajectory will not exist entirely within one control structure. 

Instead, it will slide along the boundaries of the control 

structures [15][16]. The motion of the system as it slides 

along these boundaries is called a sliding mode and the 

geometrical locus consisting of the boundaries is called the 

sliding hyper surface. In the context of modern control 

theory, any variable structure system, like a system under 

SMC, may be viewed as a special case of a hybrid dynamical 

system as the system both flows through a continuous state 

space but also moves through different discrete control 

modes [17][18]. For example, 𝑥̈ = 𝑢 can be explained in Fig. 

1. 

  

Fig. 1. The two stages of the state trajectory in SMC 

The SMC is good at handling uncertainties and 

disturbances in the system because it focuses on keeping the 

state on the sliding surface, regardless of these external 

factors. The controller design process can be relatively 

straightforward compared to other techniques [19][20][21]. 

Backstepping works its way recursively from the inner states 

(closest to the control input) to the outer states (system 

output). At each level, it treats a specific state as a virtual 

control to design a control law for the lower-level subsystem. 

This virtual control helps achieve the desired behavior for the 

overall system [22][23]. Backstepping approach will enable 

us construction a sliding variable, which it is one of the two 

steps in designing a SMC. Backstepping ensures also the 

asymptotic stability or at least the ultimate bound on the 

steady state error for the objective variable. While deriving 

the control law (the second SMC design step) is made easily 

using Lyapunov Function which will ensure the 

attractiveness of the sliding manifold (the zero level of the 

sliding variable) [24][25][26]. 

IV. SYSTEM DESCRIPTION 

As shown in Fig. 2, the proposed hydrostatic transmission 

system utilizes inlet throttling valve for controlling the flow. 

Fixed displacement pump is utilized for pumping the flow 

during a desired pressure to rotary actuator. In Fig. 2, the 

hydrostatic transmission load that is moved by the actuator is 

shown as a rotary mass-spring-damper system with a load 

disturbance torque given by T_d. The mass moment of 

inertia, torsional spring rate, and the damping coefficient of 

the viscous for the load are shown in Fig. 1 by the symbols 

(J), (b), and (k) respectively. 

The rotary actuator is shown with the fixed volumetric 

displacement per unit of rotation V_a and is connected to the 

rotating mass at the output shaft. In Fig. 1, the inlet-throttled 

pump is used to design an angular velocity control system 

because the flow in the proposed system is adjusted by a 

valve positioned at the pump inlet to reduce the energy losses 

across the valve, where shows fixed-displacement pump is 

sized according to its volumetric displacement V_P and is 

driven by an external power source (not shown in Fig. 2) at 

angular velocity ω_p. The pressure in the supply line of the 

charge pump is controlled using a high-pressure relief valve 

that is set at the desired supply pressure P_in. The charge 

pump itself is a fixed-displacement pump (usually a gear 

pump or a gerotor pump) that is used in conjunction with a 

relief valve for the purposes of providing makeup flow to the 

main fixed-displacement pump. The flow passages exist 

inherently within the system may also be designed for the 

purposes of directing fluid flow into the reservoir for cooling 

and filtration [27][28]. The Coolers and filters are not shown 

in Fig. 2. 

 

Fig. 2. Angular velocity control system for a rotary actuator  

V. DYNAMIC MODEL OF THE SYSTEM 

The Dynamic Model of the System response will be 

created in order to realize the dynamic problems, so a 

mathematical model should be written for the system. The 

Basic components for model system are shown in Fig. 2.  The 

mathematical equations of the plant system are derived. They 

include the torque dynamics as the rotary actuator's motion 

equation and pressure dynamics as the rate of pressure rise 

equation. The model has one inputs (𝐴𝑣) and one disturbance 

(𝑇𝑑)[29][30]. 

The torque dynamics can be expressed as follows 

[31][32][33]: 

𝐽𝜃̈ + 𝑏𝜃̇ + 𝑘𝜃 =  𝜂𝑎𝑡𝑉𝑎(𝑃𝐴 − 𝑃𝐵) − 𝑇𝑑 (1) 

In Eq. (1), the torque exerted on the load by the rotary 

actuator is given by 𝜂𝑎𝑡𝑉𝑎(𝑃𝐴 − 𝑃𝐵) where 𝜂𝑎𝑡 is the torque 

efficiency of the actuator. The load spring is typically 



Journal of Robotics and Control (JRC) ISSN: 2715-5072 180 

 

Aws M. Abdullah, Design and Implementation of a Backstepping Time Varying Sliding Mode Control for the Angular 

Velocity Control of a Hydraulic Rotary Actuator 

excluded from velocity control analysis, i.e., 𝑘 = 0. 𝜃̇ = 𝜔 

and 𝑃𝑠 = 𝑃𝐴   then eq. (1) becomes as Eq. (2) [34][35]: 

𝐽𝜃̈ + 𝑏𝜃̇ =  𝜂𝑎𝑡𝑃𝑠𝑉𝑎 − 𝑇𝑑 (2) 

The rate of pressure rise equation can be expressed as 

follows: 

𝑉

𝛽
𝑃̇𝑠 +  𝑘₁𝑃𝑠 = (𝘘𝑖  − 𝑉𝑎𝜃̇) (3) 

The instantaneous volume of the chamber can be 

expressed as follows [36][37]: 

𝑉 =  𝑉𝑂 + 𝑉𝑎𝜃 ̂ (4) 

Also, 𝜃 ̂ is considered here as the rotor rotation, therefore 

it can be expressed as follows: 

𝜃 ̂ = 2𝜋(1 − cos ( 𝜃))/2 (5) 

where the inlet flow, Qin, can be expressed as follows 

[38][39]: 

𝘘𝑖  =  𝐴𝑣𝐶𝑑  √
2𝑃𝑖
𝜌

 (6) 

Therefore, equation (3), accordingly, becomes as follows, 

𝑃̇𝑠 =
𝛽

𝑉𝑂 + 𝑉𝑎𝜃̂
(𝐴𝑣𝐶𝑑 √

2𝑃𝑖
𝜌
− 𝑘₁𝑃𝑠 − 𝑉𝑎𝜃̇) (7) 

The transfer function for the dynamics of the inlet 

throttled valve was experimentally determined and is shown 

in Eq. (8) [40][41]: 

𝐺𝑣(𝑠) =
𝐴𝑣
𝑉𝑖𝑛

= 
𝑘𝑣𝑘𝑠𝑒

−𝑠𝜏𝑑𝜔𝑛
2

𝑠2 + 2𝜉𝜔𝑛𝑠 + 𝜔𝑛
2
 (8) 

The time delay introduces a serious limitation on the 

controller performance that can be achieved. The reason for 

that limitation is that the effect of the change of the input on 

the output will be delayed by an amount of time that is equal 

to the time delay. The time delay limits the closed-loop 

bandwidth frequency to be less than the reciprocal of the time 

delay as shown in Eq. (9) [42][43][44]: 

𝜔𝑏 < 
1

𝜏𝑑
 (9) 

Now, the mathematical model of the inlet-throttled angular 

velocity control for rotary actuator system,  transformed into 

state space form as follows [45][46]: 

𝜃̇ = 𝜔 (10) 

𝜔̇ = −
𝑏

𝐽
𝜔 + 

𝜂𝑎𝑡𝑉𝑎
𝐽

𝑃𝑠 −
𝑇𝑑
𝐽

 (11) 

𝑃𝑠̇ =
𝛽

𝑉𝑂+𝑉𝑎𝜃̂
(𝐴𝑣𝐶𝑑 √

2𝑃𝑖

𝜌
− 𝑉𝑎𝜔 − 𝑘₁𝑃𝑠)  (12) 

From Eq. (8), the second derivative of the valve opening 

area can be written as [47][48]: 

𝐴̈𝑣 = −2𝜉𝜔𝑛𝐴̇𝑣 −𝜔𝑛
2𝐴𝑣 + 𝑘𝑣𝑘𝑠𝜔𝑛

2𝑉𝑖𝑛(𝑡 − 𝜏𝑑) (13) 

The dynamic delay in 𝑉𝑖𝑛(𝑡 − 𝜏𝑑) will be represented as 

a low pass filter, 

𝑉𝑖𝑛(𝑡 − 𝜏𝑑)

𝑉𝑖𝑛(𝑠)
=  𝑒−𝑠𝜏𝑑 =

1

𝜏𝑑𝑠 + 1
 (14) 

or 

𝜏𝑑𝑉̇𝑖𝑛(𝑡 − 𝜏𝑑) + 𝑉𝑖𝑛(𝑡 − 𝜏𝑑) =  𝑉𝑖𝑛(𝑡) (15) 

For the convenience of controller design, the following 

state variables are defined [49][50]: 

[𝜃   𝜃̇   𝑃𝑠   𝐴𝑣   𝐴̇𝑣   𝑉𝑖𝑛(𝑡 − 𝜏𝑑)]
𝑇
→ [𝑥1  𝑥2   𝑥3   𝑥4   𝑥5   𝑥6]

𝑇 

Valve input voltage 𝑉𝑖𝑛 was considered here as the control 

input. So, set 𝑉𝑖𝑛 = 𝑢, but 𝒙𝟔 is considered as the new control 

signal, where this the actual control signal is the input voltage 

with delay time. The state space model  with a control signal 

𝒙𝟔 will be more appropriate for designing a controller, as well 

as we can consider  𝜃̂ =  𝑥̂1, 𝑑 = − 
𝑇𝑑

𝐽
 , thus then we can 

write complete the mathematical model as follows: 

For the system model dynamic without inlet throttling 

valve dynamic, 

𝑥̇1 = 𝑥2
𝑥̇2 = − 𝑎1𝑥2  +  𝑎2𝑥3 + 𝑑
𝑥̇3 = − 𝑏1𝑥2  −  𝑏2𝑥3 + 𝑐𝑥4

 

}  (16) 

And for the inlet throttling valve dynamic, 

𝑥̇4 = 𝑥5
𝑥̇5 = −𝜔𝑛

2𝑥4 −  2𝜉𝜔𝑛𝑥5 + 𝑘𝑣𝑘𝑠𝜔𝑛
2𝑥6

𝑥̇6 = −
𝑥6 

𝜏𝑑
 +  

 𝑉𝑖𝑛(𝑡)

𝜏𝑑
 }

 

 
   (17) 

VI. CONTROL DESIGN AND STABILITY ANALYSIS  

In this section, a convenience strategy to design a sliding 

mode controller will be presented. Firstly, we will divide the 

system in eq. (16) and eq. (17) into two subsystems; upper 

and lower subsystems. For each subsystem, the sliding 

variable is assigned based on the standard or 1st order SMC 

theory. The objective from the designed controller is to force 

state trajectories into the level zero for each sliding variable 

[51]. The loci of the points of the sliding variable level zero 

are called the sliding manifold or switching surface. After 

designing the SMC successfully, the state trajectory is 

directed towards the sliding manifold and then maintained it 

on this manifold for all future time. As a result, the state 

moves toward the origin or its neighborhood and stays there 

for all next time. This behavior is known as the reaching and 

sliding phases; which are depicted in Fig. 1 for a typical 

second-order system [52][53]. 

The uncertainty in the above equation (16) consists in the 

stiffness value; i.e., 𝛽 and 𝐶𝑑 can be written as: 

Let  𝑎1 =
𝑏

𝐽
, 𝑎2 = 

𝜂𝑎𝑡𝑉𝑎

𝐽
, 𝑏1 =

𝛽𝑉𝑎

𝑉𝑂+𝑉𝑎𝑥1
, 𝑏2 =

𝛽𝑘₁

𝑉𝑂+𝑉𝑎𝑥1
, and 

c =
𝛽𝐶𝑑 √

2𝑃𝑖
𝜌

𝑉𝑂+𝑉𝑎𝑥1
, then for 

𝛽 = 𝛽𝑛 + ∆𝛽  and  𝐶𝑑  = 𝐶𝑑𝑛 + ∆𝐶𝑑 ⟹ 𝑏1 =  𝑏1𝑛+∆𝑏1, 

𝑏2 = 𝑏2𝑛+ ∆𝑏2, and 𝑐 = 𝑐𝑛 + ∆𝑐. 
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Accordingly, the above equation (16) can be expressed as 

follows: 

𝑥̇1 = 𝑥2
𝑥̇2 = − 𝑎1𝑥2  +  𝑎2𝑥3 + 𝑑

𝑥̇3 = − 𝑏1𝑛𝑥2  −  𝑏2𝑛𝑥3 + 𝑐𝑛𝑥4+ 𝛿1
 

} (18) 

where 𝛿1 = − ∆𝑏1𝑥2  −  ∆𝑏2𝑥3 + ∆𝑐𝑥4.  

Note that in Eq. (18) the subscription refers to the 

differential equations with nominal parameters, 𝑑 and 𝛿1, are 

the disturbance and perturbation terms, which they act on the 

dynamics of the system model. The first and the second 

subsystems are referred to here as the upper and lower 

subsystems respectively [54][55]. 

The system was modeled with two degrees of freedom but 

actuated by only one control input (the valve input voltage), 

i.e. the control input does not exist in the upper subsystem 

dynamics (the system model without inlet throttled valve 

dynamic model). In this work, a nonlinear controller will be 

designed using the sliding mode control theory [56][57]. The 

sliding mode control will be designed for each degree of 

freedom separately with the considering of a perturbation 

term 𝛿1  , 𝛿2 and 𝛿3. Then using the Backstepping approach, 

the control law can be derived. The proposed controller will 

enforce a desired behavior on the overall system. Using the 

Back-stepping approach will enable one control action from 

controlling the system. As mentioned above, the SMC is 

designed for each subsystem; So, for the second line in Eq. 

(16) [58][59]  

𝑥̇2 = − 𝑎1𝑥2  +  𝑎2𝑥3 + 𝑑 

Let 𝑥3 be the virtual controller and denote it by 𝑣. Then 

let us propose the following virtual control law: 

𝑣 = −𝐻(𝑡)𝑒 (19) 

where 𝑒 = 𝑥2 − 𝑥2𝑑 is the error function, and the 𝐻(𝑡) 
function i.e. defined as 

𝐻(𝑡, 𝜆) = 𝜆 ∗ (1 − 𝑒−𝛼∗𝑡) (20) 

where 𝜆 and 𝛼 are positive constants which will be selected 

according to the required system response performance. 

Additionally, it can be noted that the virtual control is initially 

equal to zero and that due to the  𝐻(𝑡, 𝜆) where 𝐻(0, 𝜆) = 0 

and moreover, 𝑣 ≈ −𝜆 ∗ 𝑒 after a sufficient period of time 

which depends on the value of 𝛼. For this reason, the virtual 

controller is taken as −𝜆 ∗ 𝑒 in the following analysis via 

Lyapunov Function [60][61]. So, let  𝑉 =
1

2
𝑒2,  then 

𝑉̇ = 𝑒𝑒̇ = 𝑒𝑥̇2 = 𝑒{− 𝑎1𝑥2  + 𝑎2𝑣 + 𝑑}

= 𝑒{− 𝑎1𝑥2 − 𝜆𝑎2𝑒 + 𝑑} = 𝑒{− 𝑎1𝑥2𝑑 − ( 𝑎1 + 𝜆𝑎2)𝑒 + 𝑑}
 (21) 

Since ( 𝑎1 + 𝜆𝑎2) > 0, ∀𝜆, then according to for non-

vanishing perturbation, we have 

𝑉̇ ≤ − min
 𝑎1,𝑎2 

( 𝑎1 + 𝜆𝑎2) 𝑒
2 + |𝑒| (max

 𝑎1
| 𝑎1𝑥2𝑑| + |𝑑|)

≤ −(1 − 𝛽) 𝑚𝑖𝑛
 𝑎1,𝑎2 

( 𝑎1 + 𝜆𝑎2) 𝑒
2,    ∀  |𝑒| ≥   

(𝑚𝑎𝑥
 𝑎1

| 𝑎1𝑥2𝑑| + |𝑑|)

𝛽 ∗ 𝑚𝑖𝑛
 𝑎1,𝑎2 

( 𝑎1 + 𝜆𝑎2)
 , 0 < 𝛽 < 1

 

 (22) 

Therefore, with the use of the virtual controller Eq. (19), the 

error between the angular velocity and the desired one (𝑒) is 

ultimately bounded by 

|𝑒| ≤  𝑏𝑒 =
|𝛿|

𝛽 ∗ 𝑚𝑖𝑛
 𝑎1,𝑎2 

( 𝑎1+𝜆𝑎2)
  (23) 

where 𝑏𝑒 is the ultimate error bound and |𝛿| =

(𝑚𝑎𝑥
 𝑎1

| 𝑎1𝑥2𝑑| + |𝑑|).  

From Eq. (22), it can be shown that the required accuracy can 

be achieved via large enough value of the control parameter 

𝜆. Also, an important point can be noted here, is that the use 

of large value of 𝜆 will not lead to use a large control effort 

and that by using the time dependent function  𝐻(𝑡, 𝜆) as 

mentioned above, the starting value of the virtual controller 

is equal to zero and the control parameter α will completely 

control the growth of the actual control value [62]. 

Since 𝑣 is the virtual controller, so a sliding variable 𝑠𝑝 is 

defined according to the Backstepping method by 

𝑠𝑝 = 𝑥3 − 𝑣 (24) 

where 𝑠𝑝 is initially equal to zero.  The  𝑠𝑝 is time varying 

since the time 𝑡 is appeared explicitly in the virtual controller 

𝑣. The time rate of change of  𝑠𝑝 is given by 

𝑠̇𝑝 = − 𝑏1𝑛𝑥2  −  𝑏2𝑛𝑥3 + 𝑐𝑛𝑥4+ 𝛿1 + 𝐻̇(𝑡)𝑒 + 𝐻(𝑡)𝑒̇ (25) 

where 𝛿1 is perturbation, let 𝑥4 be the virtual controller and 

denoted it by 𝑢𝑝. Then to design the virtual control 𝑢𝑝 , the 

following non-smooth Lyapunov Function was used: 

𝑉𝑝 =
1

2
𝑠𝑝
2

 (26) 

To ensure the attractiveness of the sliding manifold (𝑠𝑝 =

0), the derivative of the Lyapunov function 𝑉𝑝 must be 

negative definite as can be shown in the following steps; 

𝑉̇𝑝 = 𝑠𝑝 ∗ 𝑠̇𝑝

= 𝑠𝑝 ∗ [−𝑏1𝑛𝑥2 − 𝑏2𝑛𝑥3 + 𝑐𝑛𝑢𝑝+ 𝛿1 + 𝐻̇(𝑡)𝑒 + 𝐻(𝑡)𝑒̇]
} (27) 

Let 

𝑢𝑝 = (𝑢𝑝𝑛 + 𝑢𝑝𝑠)/𝑐𝑛  (28) 

where the first term in the control law is 𝑢𝑝𝑛 which it is taken 

here as, 

𝑢𝑝𝑛 = 𝑏1𝑛𝑥2 + 𝑏2𝑛𝑥3 − 𝐻̇(𝑡)𝑒 (29) 

while 𝑢𝑝𝑠 is taken here as, 

𝑢𝑝𝑠 = −𝑘𝑝 ∗ 𝑠𝑝  (30) 

After substituting the proposed controller in 𝑉̇𝑝, we obtained; 

𝑉̇𝑝 = 𝑠𝑝 ∗ 𝑠̇𝑝

= 𝑠𝑝 ∗ [−𝑏1𝑛𝑥2 − 𝑏2𝑛𝑥3 + 𝑢𝑝𝑛 + 𝑢𝑝𝑠+ 𝛿1 + 𝐻̇(𝑡)𝑒 + 𝐻(𝑡)𝑒̇]

𝑉̇𝑝 = 𝑠𝑝 ∗ [−𝑘𝑝𝑠𝑝+ 𝛿1 + 𝐻(𝑡)𝑒̇]

𝑉̇𝑝 ≤ −𝑘𝑝|𝑠𝑝|
2
+ |𝑠𝑝|| 𝛿1 + 𝐻(𝑡)𝑒̇|

𝑉̇𝑝 ≤ −𝑘𝑝(1 − 𝛽1) 𝑠𝑝
2          ∀ |𝑠𝑝| >

| 𝛿1 + 𝐻(𝑡)𝑒̇|

𝑘𝑝𝛽1

       

}
 
 
 

 
 
 

 (31) 

where, 0 < 𝛽1 < 1. Therefor, 𝑠𝑝 is ultimately bounded by 

𝑏𝑝 =
| 𝛿1+𝐻(𝑡)𝑒̇|

𝛽1𝑘𝑝
. 
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Note that, since 𝑠𝑝 is initially equal to zero, then it will 

growth to the ultimate bound 𝑏𝑝, which it is inversely 

proportional to the gain 𝑘𝑝. Accordingly, 𝑠𝑝 can be made 

small enough using large value of 𝑘𝑝. 

As we mentioned above, 𝑢𝑝 is considered as the virtual 

control for the system dynamic which is given by Eq. (16). 

To derive the actual control system signal, the throttling valve 

dynamic is included Eq. (17), and we need again to rewrite it 

considering the nominal and the perturbation terms [63][64]. 

The uncertainty in Eq. (17) consists in the stiffness value 

too; i.e., 𝜉, 𝜔𝑛, 𝑘𝑠 and 𝜏𝑑  can be written as:                                  

𝜉 = 𝜉𝑛 + ∆𝜉 , 𝜔𝑛 = 𝜔𝑛𝑛 + ∆𝜔𝑛 , 𝑘𝑠 = 𝑘𝑠𝑛 + ∆𝑘𝑠  and 

𝜏𝑑 =  𝜏𝑑𝑛 + ∆𝜏𝑑  

So, Eq. (16-b) can be expressed as follows: 

𝑥̇4 = 𝑥5
𝑥̇5 = − 2𝜉𝑛𝜔𝑛𝑛𝑥5 − 𝜔𝑛𝑛

2𝑥4 + 𝑘𝑣𝑛𝑘𝑠𝑛𝜔𝑛𝑛
2𝑥6 + 𝛿2

𝑥̇6 = −
𝑥6 
𝜏𝑑𝑛

 +  
 𝑉𝑖𝑛(𝑡)

𝜏𝑑𝑛
+ 𝛿3

 }
 
 

 
 

  (32) 

where    𝛿2 = −2∆(𝜉𝜔𝑛)𝑥2  −  ∆𝜔𝑛
2𝑥4 + 𝑘𝑣∆(𝑘𝑠𝜔𝑛

2)𝑥6  and 

𝛿3 = −∆ (
1

𝜏𝑑
) 𝑥6  + ∆ (

1

𝜏𝑑
)  𝑉𝑖𝑛(𝑡). 

Note that in Eq. (32), the subscription refers to the 

functions with nominal parameters, 𝛿2, 𝛿3   are the 

perturbation terms, which they act on the second is the valve 

dynamic model respectively. the second subsystems are 

referred to them here as the lower subsystems respectively 

[65][66]. The control input does exist in the lower subsystem 

dynamics, in the inlet throttled valve dynamic model, which 

is affected by the perturbation 𝛿2, 𝛿3. 

In a similar way, the following steps are adapted for the 

lower subsystem which it given in Eq. (32). Let 𝑒𝑣 be defined 

as: 

𝑒𝑣 = 𝑥4 − 𝑢𝑝 (33) 

And it’s the time rate of change is given by 

𝑒̇𝑣 = 𝑥̇4 − 𝑢̇𝑝 (34) 

As can be seen that the relative degree between 𝑒𝑣  and 

the valve input voltage 𝑉𝑖𝑛 is two, where 𝑉𝑖𝑛  does not appear 

in 𝑥5 control. Accordingly, we must define the following 

sliding variable as an output with relative degree one can be 

defined as [67][68]: 

𝑠 = 𝑒̇𝑣 + 𝜆𝑣𝑒𝑣  (35) 

And the time rate of change of  𝑠 is 

𝑠̇ = − 2𝜉𝑛𝜔𝑛𝑛𝑥5 − 𝜔𝑛𝑛
2𝑥4 + 𝑘𝑣𝑛𝑘𝑠𝑛𝜔𝑛𝑛

2𝑥6 + 𝛿2
− 𝑢̈𝑝 + 𝜆𝑣 𝑒̇𝑣  

(36) 

where 𝛿2 is perturbation and 𝜆𝑣 > 0 is a design parameter 

[69][70]. To evaluate 𝑒̇𝑣  we need to determine the time rate 

of change of 𝑢𝑝, and since 𝑢̇𝑝 is uncertain, therefore we need 

to estimate it through the sliding mode observer in Appendix 

(A) [71]-[74]. 

Again, consider  𝑥6 be the virtual controller and denote it 

by 𝑢𝑣. Then to design the control 𝑢𝑣 , we use the following 

non-smooth Lyapunov Function [75][76]: 

𝑉 =
1

2
𝑠2  (37) 

To ensure the attractiveness of the sliding manifold (𝑠 =
0), 𝑘𝑣  is selected such that the derivative of the lyapunov 

function 𝑉𝑣  is negative definite as can be shown in the 

following steps [77][78]; 

𝑉̇𝑣 = 𝑠𝑔𝑛(𝑠) ∗ 𝑠̇

= 𝑠𝑔𝑛(𝑠) ∗ [−𝜔𝑛𝑛
2𝑥4 −  2𝜉𝑛𝜔𝑛𝑛𝑥5 + 𝑘𝑣𝑛𝑘𝑠𝑛𝜔𝑛𝑛

2𝑢𝑣 + 𝛿2 − 𝑢̈𝑝 + 𝜆𝑣𝑒̇𝑣 ]

=  𝑠 ∗ [−𝜔𝑛𝑛
2𝑥4 −  2𝜉𝑛𝜔𝑛𝑛𝑥5 + 𝑘𝑣𝑛𝑘𝑠𝑛𝜔𝑛𝑛

2𝑢𝑣 + 𝛿̂2]

} 

 (38) 

where 𝛿̂2 = 𝛿2 − 𝑢̈𝑝 + 𝜆𝑣𝑒̇𝑣 .  

Now, let 

𝑢𝑣 = (𝑢𝑣𝑛 + 𝑢𝑣𝑠)/(𝑘𝑣𝑛𝑘𝑠𝑛𝜔𝑛𝑛
2) (39) 

Let the first term in the control law is 𝑢𝑣𝑛 is taken here as: 

𝑢𝑣𝑛 = 𝜔𝑛𝑛
2𝑥4 +  2𝜉𝑛𝜔𝑛𝑛𝑥5  (40) 

While the second term in the control law is 𝑢𝑣𝑠 is taken as 

𝑢𝑣𝑠 = −𝑘𝑣 ∗ 𝐻1(𝑡) ∗ 𝑠 (41) 

Here the 𝐻1(𝑡) function is a positive function defined as 

𝐻1(𝑡) = (1 − 𝑒
−𝛼1∗𝑡) (42) 

where 𝛼1 is positive constant which will be selected 

according to the required system response performance. 

Accordingly, 𝑉̇𝑣  becomes [79][80]; 

𝑉̇𝑣 = 𝑠 ∗ [−𝑘𝑣 ∗ 𝐻1(𝑡) ∗ 𝑠 + 𝛿̂2]

≤ −𝑘𝑣 ∗ 𝐻1(𝑡) ∗ 𝑠
2 + |𝑠||𝛿̂2|

≤ −(1 − 𝛽2)𝑘𝑣 ∗ 𝐻1(𝑡) ∗ 𝑠
2,   ∀|𝑠| >

|𝛿̂2|

𝑘𝑣𝐻1(𝑡)𝛽2
     0 < 𝛽2 < 0    

}
 
 

 
 

  

 (43) 

Again, as in the previous design steps, 𝑠 is ultimately 

bounded by 𝑏𝑣 =
|𝛿̂2|

𝛽2𝑘𝑣𝐻1(𝑡)
 . 

Not that, the actual control input voltage  𝑉𝑖𝑛(𝑡) can be 

taken equal to the designed controller 𝑢𝑣 and study the effect 

of the delay in the valve system dynamic through the 

simulations and in this case the virtual controller 𝑥6 will take 

a period of time to follow the designed controller 𝑢𝑣 . one can 

reduce the delay time effect via modifying the relation 

between 𝑉𝑖𝑛(𝑡) and 𝑢𝑣 in the following form [81][82][83]: 

 𝑉𝑖𝑛(𝑡) = 𝑥6 {1 −
𝜏𝑑𝑛
𝜏̂𝑑𝑛

} +
𝜏𝑑𝑛
𝜏̂𝑑𝑛

𝑢𝑣  (44) 

where 𝜏̂𝑑𝑛 is a design parameter.  

Now we need to explore how the ultimate bounds 𝑏𝑣 and 

𝑏𝑝 affected the main design objective which it is the ultimate 

bound 𝑏𝑒 on the error function 𝑒. The following proposition 

give the answer about this question [84][85]. 
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Proposition 1:  Consider the control law for the Rotary 

Actuator system and the ultimate bounds 𝑏𝑒, 𝑏𝑝 and  𝑏𝑣 as 

given by Eq. (23), Eq. (31) and Eq. (43) respectively. The 

actual ultimate bound 𝑏𝑒 on the error function 𝑒 after 

considering the complete control design, with 𝛽 = 𝛽1 =
𝛽2 = 1, is given by 

𝑏̃𝑒 =

𝑚𝑎𝑥
 𝑎1,𝑎2 

{
 

 
(| 𝑎1𝑥2𝑑| + |𝑑|) + 𝑎2

(

 

|𝛿̂2|
𝜆𝑣𝑘𝑣

+ | 𝛿1 + 𝑒̇|

𝑘𝑝
)

 

}
 

 

𝑚𝑖𝑛
 𝑎1,𝑎2 

( 𝑎1 + 𝜆𝑎2)
 

(45) 

Proof: first we derive the ultimate bound 𝑏𝑒 by 

considering the ultimate bound on the sliding variable 𝑠𝑝. So, 

instead of taking the ideal case where 𝑠𝑝 = 0 which leads to 

consider 𝑥3 equal to the virtual control 𝑣,  𝑥3 is taken as 𝑥3 =
𝑣 + 𝑠𝑝, and substitute in the Lyapunov function in Eq. (21). 

𝑠𝑝 is added with perturbation term 𝛿, and consequently from 

Eq. (23), the ultimate bound  𝑏𝑒 [86][87] 

𝑏̂𝑒 =
𝑚𝑎𝑥
 𝑎1,𝑎2 

{(| 𝑎1𝑥2𝑑| + |𝑑|) + 𝑎2𝑏𝑝}

𝑚𝑖𝑛
 𝑎1,𝑎2 

( 𝑎1 + 𝜆𝑎2)
 (46) 

Again, by considering that the sliding variable 𝑠 = 𝑒̇𝑣 +
𝜆𝑣𝑒𝑣  will be not equal to zero, but instead it is bounded by 

𝑏𝑣, and accordingly, 𝑒𝑣  becomes bounded by [88]; 

|𝜆𝑣𝑒𝑣 | ≤ |𝑠| ≤ 𝑏𝑣    ⇒  |𝑒𝑣 | ≤
|𝛿̂2|

𝛽3𝜆𝑣𝑘𝑣
 

Now we can evaluate 𝑏𝑝 by considering that 𝑥4 = 𝑢𝑝 +

𝑒𝑣  in the Lyapunov analysis in Eq. (26) to Eq. (31), | 𝛿̂1| is 

equal to  𝑏𝑝 =
| 𝛿̂1|

𝛽1𝑘𝑝
, where | 𝛿̂1| = |𝑐𝑛|𝑒𝑣 | +  𝛿1 + 𝐻(𝑡)𝑒̇| 

and therefore 𝑏𝑝 becomes 

𝑏𝑝 =
𝑐𝑛|𝑒𝑣 | + | 𝛿1 +𝐻(𝑡)𝑒̇|

𝛽1𝑘𝑝
=
𝑐𝑛

|𝛿̂2|
𝛽3𝜆𝑣𝑘𝑣

+ | 𝛿1 + 𝐻(𝑡)𝑒̇|

𝛽1𝑘𝑝
 

(47) 

Eventually, 𝑏𝑒  becomes 

𝑏̃𝑒

=

𝑚𝑎𝑥
 𝑎1,𝑎2 

{
 

 
(| 𝑎1𝑥2𝑑| + |𝑑|) + 𝑎2

(

 
𝑐𝑛

|𝛿̂2|
𝛽3𝜆𝑣𝑘𝑣

+ | 𝛿1 + 𝐻(𝑡)𝑒̇|

𝛽1𝑘𝑝
)

 

}
 

 

𝑚𝑖𝑛
 𝑎1,𝑎2 

( 𝑎1 + 𝜆𝑎2)
      

(48) 

And with 𝛽 = 𝛽1 = 𝛽2 = 1, the 𝑏̃𝑒 is as given in Eq. (45).                                                                  

The above result revels that with large enough control 

gains 𝜆, 𝑘𝑝 and 𝜆𝑣, the ultimate bound on the error function 

𝑏̃𝑒 can made arbitrarily small [89]. 

VII. RESULTS AND DISCUSSION 

The dominant parameters in the system model of the 

proposed hydrostatic transmission (HST) systems are given 

in Table II, which presents the values of the system model 

parameters. 

The parameters in the robust controller are given in Table 

III, which presents the values of the controller parameters. 

 

TABLE II.  MODEL PARAMETERS 

Dimensional       

Quantity 
Definition The value (SI units) 

𝑘𝑠 static gain of the valve 0.72 

𝑘₁ Leakage Coefficient 0.14*10−11𝑚4. 𝑠 𝑘𝑔⁄  

𝑘𝑣 constant of proportionality 3.75*10−6 𝑚2 𝑣𝑜𝑙𝑡⁄  

𝑃𝑠 Pressure Supply 25*106𝑁 𝑚2⁄  

cd Discharge Coefficient 0.62 

𝑃𝑖 input pressure 2*106 𝑁 𝑚2⁄  

𝑉𝑜 Actuator Volume 8.2*10−6 𝑚3 

𝐽 Mass moment of inertia 0.013 𝑘𝑔.𝑚2 

𝜌 fluid density 850 𝑘𝑔 𝑚3⁄  

𝑏 viscous damping coefficient 0.025065 𝑘𝑔.𝑚2 𝑠⁄  

𝑉𝑎 
Volumetric displacement of 

the actuator 
1.3051*106  𝑚3/ 𝑟𝑎𝑑 

𝛽 Fluid Bulk Modulus 1*109 𝑁 𝑚2⁄  

𝜂𝑎𝑡 
Actuator mechanical 

Efficiency 
0.95 

𝜔𝑛 Valve Natural Frequency 85 𝑟𝑎𝑑 𝑠⁄  

𝜏𝑑 time delay of valve 0.015 s 

𝜉 Damping Ratio of the Valve 0.8 

TABLE III.  THE DEFINITIONS OF QUANTITIES OF CONTROLLER 

Parameters Value Model Type 

𝜆 1.5 × 104 

Control Low of Upper Subsystem 𝛼 25 × 10−4 

𝑘𝑝 17.5 × 103 

𝜆𝑣 0.5 

Control Low of Lower Subsystem 𝛼1 1 

𝑘𝑣 5 × 10−3 

𝑘𝑢 100 
Estimator 

𝛼2 0.5 

 

The parameters of the switching function in Eq. (22) and 

switching function in Eq. (35) are chosen depending on Table 

III. The reduced dynamics, when  the states reach zero value 

in a finite time, is exponentially asymptotically stable. In 

deriving the sliding mode control laws in Eq. (28) and Eq. 

(39), the nominal system parameters are considered as well 

as the disturbances and uncertainties. The sliding mode 

controller will definitely overcome system uncertainties for 

suitable control laws. This design chose  the desired velocity 

as 1600 𝑅𝑃𝑀 at zero second with disturbance torque 

25 𝑁.𝑚, was applied to the actuator, as an external load at 35 

seconds, where the effects of the disturbance torque on the 

angular velocity 𝜔𝑎, desired pressure 𝑃𝑠, valve opening area 

 𝐴𝑉, input voltage 𝑉𝑖𝑛, are shown in the Fig. 3 to Fig. 16 for 

three cases as followed: 

Case1: Constant desired angular velocity. The desired 

angular velocity of actuator to x2d = 1600 RPM →
167.5516 rad/s is supplied as a set point. As a result, the 

angular velocity reaches the final value at steady state for the 

robust controller (CSMC) with the supplied disturbance 

torque effects (25 𝑁.𝑚) is applied in the time = 35 sec at 

steady state with high stability and performance as shown in 

Fig. 3. The response results of the robust controller are shown 

in Table IV. 

TABLE IV.  RESULTS OF VELOCITY TIME RESPONSE WITH ROBUST 

CONTROLLER 

Robust 

Controller 

Steady 

state 

value 

Error 

steady 

State 

Rise 

Time 

Max. 

Overshoot 

(%) 

Steady state 

value (with 

disturbance) 

CSMC 
167.3 

rad/sec 

0.2516 

rad/sec 

1.885 

sec 
0 

166.8 

rad/sec 
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Fig. 3. The velocity time response of closed-loop with robust controller with 

torque disturbances effects 

The desired angular velocity of actuator to 𝑥2𝑑 =
1600 RPM → 167.5516 rad/s is supplied as a set point. As 

a result, the pressure supply reaches the final value at steady 

state for the robust controller (CSMC) with the supplied 

disturbance torque (25 𝑁.𝑚)  effects is applied in the time 

= 35 sec at steady state with high stability and performance 

as shown in Fig. 4. The response results of the robust 

controller are shown in Table V. 

 

Fig. 4. The pressure supply time response of closed-loop with robust 

controller with torque disturbances effects 

TABLE V.  RESULTS OF PRESSURE SUPPLY TIME RESPONSE WITH ROBUST 

CONTROLLER 

Robust 

Controller 

Steady 

state value 
Rise Time 

Max. 

Overshoot 

(%) 

Steady state 

value (with 

disturbance) 

CSMC 3.381 MP 1.465 sec 0 23.54 MP 

 

The desired angular velocity of actuator to 𝑥2𝑑 =
1600 RPM → 167.5516 rad/s is supplied as a set point. As 

a result, the valve opening area reaches the final value at 

steady state for the robust controller (CSMC) with the 

supplied disturbance torque (25 𝑁.𝑚)  effects is applied in 

the time = 35 sec at steady state with high stability and 

performance as shown in Fig. 5. The response results of the 

robust controller are shown in Table VI. 

 

Fig. 5. The valve opening area time response of closed-loop with robust 

controller with torque disturbances effects 

TABLE VI.  RESULTS OF VALVE OPENING AREA TIME RESPONSE WITH 

ROBUST CONTROLLER 

Robust 

Controller 
Steady state value 

Rise 

Time 

Max. 

Overshoot 

(%) 

Steady state 

value (with 

disturbance) 

CSMC 5.24 × 10−6 𝑚2 1.9 sec 0 5.89 × 10−6 𝑚2 

 

The desired angular velocity of actuator to 𝑥2𝑑 =
1600 RPM → 167.5516 rad/s is supplied as a set point. As 

a result, the control action ( 𝑉𝑖𝑛 with delay time) reaches the 

final value at steady state for the robust controller (CSMC) 

with the supplied disturbance torque (25 𝑁.𝑚)  effects is 

applied in the time = 35 sec at steady state with high stability 

and performance as shown in Fig. 6. The response results of 

the robust controller are shown in Table VII. 

 

Fig. 6. The control action time response of closed-loop with robust controller 

with torque disturbances effects 

TABLE VII.  RESULTS OF VALVE OPENING AREA TIME RESPONSE WITH 

ROBUST CONTROLLER 

Robust 

Controller 

Steady state 

value 
Rise Time 

Max. 

Overshoot (%) 

Steady state 

value (with 

disturbance) 

CSMC 1.942 volt 1.914 sec 0 2.183 volt 
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The desired angular velocity of actuator to 𝑥2𝑑 =
1600 RPM → 167.5516 rad/s is supplied as a set point. As 

a result, the valve input voltage (𝑉𝑖𝑛) reaches the final value 

at steady state for the robust controller (CSMC) with the 

supplied disturbance torque (25 𝑁.𝑚)  effects is applied in 

the time = 35 sec at steady state with high stability and 

performance as shown in Fig. 7. The response results of the 

robust controller are shown in Table VIII. 

 

Fig. 7. The valve input voltage time response of closed-loop with robust 

controller with torque disturbances effects 

TABLE VIII.  RESULTS OF VALVE INPUT VOLTAGE TIME RESPONSE WITH 

ROBUST CONTROLLER 

Robust 

Controller 

Steady 

state value 
Rise Time 

Max. 

Overshoot 

(%) 

Steady state 

value (with 

disturbance) 

CSMC 1.942 volt 1.8885 sec 0 2.183 volt 

 

The proposed sliding mode controller will guide the states 

to the sliding surface in considerably proper time. This is 

known as the reaching time which it relates to the control 

parameters of the switching functions form where the time 

required to regulate the switching function first and second 

respectively. After reaching sliding manifold 𝑠𝑝 = 0  the 

error states is regulated asymptotically to the origin. The 

sliding variables 𝑠𝑝  are plotted in Fig. 8 with high stability 

and performance with reaching time (𝑡𝑟) = 7 𝑠𝑒𝑐 . The plot 

is smooth where the chattering effect is eliminated from the 

sliding mode control. The effects of the disturbance is 

represented on 𝑠𝑝  in the Fig. 8 in the time of 35 second. 

Case2: Piecewise constant desired angular velocity. At 

the time = 100 s, at steady state, this design chose increasing 

the set point with 𝑥2𝑑 = 36.6519 rad/s. As a result, the 

angular velocity reaches the final value at steady state for the 

robust controller (CSMC) but at the time = 200 s, at steady 

state, this design chose adjusting the set point with 𝑥2𝑑 =
−20.944 rad/s. As a result, the angular velocity reaches 

another final value at steady state for the robust controller 

(CSMC) with high stability and performance as shown in Fig. 

9. This demonstrates that the proposed controller can meet 

various operational requirements. The response results of the 

robust controller are shown in Table IX.  

 

Fig. 8. The sliding variable 𝑠𝑝 time response of closed-loop with robust 

controller with torque disturbances effects 

 

Fig. 9. The velocity time response of multi steps for closed-loop with robust 

controllers with torque disturbances

 

TABLE IX.  RESULTS OF VELOCITY TIME RESPONSE OF MULTI STEPS FOR ROBUST CONTROLLER 

 

Robust Controller 

Steady state value 

with set point 

(𝟏𝟔𝟕. 𝟓𝟓𝟏𝟔 𝐫𝐚𝐝/
𝐬ec) 

Steady state value 

with increasing set 

point 

(𝟑𝟔. 𝟔𝟓𝟏𝟗 𝐫𝐚𝐝/𝐬ec) 

Error steady state 

with increasing set 

point (𝟑𝟔. 𝟔𝟓𝟏𝟗 𝐫𝐚𝐝/
𝐬ec) 

Steady state value with 

decreasing set point 

(−𝟐𝟎. 𝟗𝟒𝟒 𝐫𝐚𝐝/𝐬ec) 

Error steady state 

with decreasing set 

point (−𝟐𝟎. 𝟗𝟒𝟒 𝐫𝐚𝐝/
𝐬ec) 

CSMC 166.8 rad/sec 203.4 rad/sec 0.0519 rad/sec 182.456 rad/s 0.544 rad/sec 
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At the time = 100 s, at steady state, this design chose 

increasing the set point with 𝑥2𝑑 = 36.6519 rad/s. As a 

result, the pressure supply reaches a final value at steady state 

for the robust controller (CSMC) but  at the time = 200 s, at 

steady state, this design chose adjusting the set point with 

x2d = −20.944 rad/s. As a result, the pressure supply 

reaches another final value at steady state for the robust 

controller (CSMC) with high stability and performance as 

shown in Fig. 10. This demonstrates that the proposed 

controller can meet various operational requirements. The 

response results of the robust controller are shown in Table 

X. 

 

Fig. 10. The pressure supply time response of multi steps for closed-loop 

with robust controller with torque disturbances 

TABLE X.  RESULTS PRESSURE SUPPLY TIME RESPONSE OF MULTI STEPS 

FOR ROBUST CONTROLLER 

Robust 

Controller 

Steady state value 

with set point 

(𝟏𝟔𝟕. 𝟓𝟓𝟏𝟔 𝐫𝐚𝐝/
𝐬ec) 

Steady state value 

with increasing 

set point 

(𝟑𝟔. 𝟔𝟓𝟏𝟗 𝐫𝐚𝐝/
𝐬ec) 

Steady state value 

with decreasing 

set point 

(−𝟐𝟎. 𝟗𝟒𝟒 𝐫𝐚𝐝/
𝐬ec) 

CSMC 23.54 MP 24.28 MP 23.86 MP 

 

At the time = 100 s, at steady state, this design chose 

increasing the set point with x2d = 36.6519 rad/s. As a 

result, the valve opening area reaches a final value at steady 

state for all the robust controllers (CSMC) but at the time = 

200 s, at steady state, this design chose adjusting the set point 

with x2d = −20.944 rad/s. As a result, the valve opening 

area reaches another final value at steady state for the robust 

controller (CSMC) with high stability and performance as 

shown in Fig. 11. This demonstrates that the proposed 

controllers can meet various operational requirements. The 

response results of the robust controller are shown in Table 

XI. 

TABLE XI.  RESULTS OF OPENING AREA TIME RESPONSE OF MULTI STEPS 

FOR ROBUST CONTROLLER 

Robust 

Controller 

Steady state value 

with set point 

(𝟏𝟔𝟕. 𝟓𝟓𝟏𝟔 𝐫𝐚𝐝/
𝐬ec) 

Steady state value 

with increasing 

set point 

(𝟑𝟔. 𝟔𝟓𝟏𝟗 𝐫𝐚𝐝/
𝐬ec) 

Steady state value 

with decreasing 

set point 

(−𝟐𝟎. 𝟗𝟒𝟒 𝐫𝐚𝐝/
𝐬ec) 

CSMC 5.892 × 10−6m2 7.042 × 10−6m2 6.382 × 10−6m2 

 

 

Fig. 11. The valve opening area time response of multi steps for robust 

controllers with torque disturbances effects 

At the time = 100 s, at steady state, this design chose 

increasing the set point with x2d = 36.6519 rad/s. As a 

result, the control action reaches a final value at steady state 

for all the robust controllers (CSMC) but at the time = 200 s, 
at steady state, this design chose adjusting the set point with 

x2d = −20.944 rad/s. As a result, the valve opening area 

reaches another final value at steady state for the robust 

controller (CSMC) with high stability and performance as 

shown in Fig. 12. This demonstrates that the proposed 

controller can meet various operational requirements. The 

response results of the robust controller are shown in Table 

XII. 

 

Fig. 12. The control action time response of multi steps for robust controllers 

with torque disturbances effects 

TABLE XII.  RESULTS OF MULTI STEPS CONTROL ACTION TIME RESPONSE 

OF MULTI STEPS WITH ROBUST CONTROLLER 

Robust 

Controller 

Steady state 

value with set 

point 

(𝟏𝟔𝟕. 𝟓𝟓𝟏𝟔 𝐫𝐚𝐝/
𝐬ec) 

Steady state value 

with increasing 

set point 

(𝟑𝟔. 𝟔𝟓𝟏𝟗 𝐫𝐚𝐝/
𝐬ec) 

Steady state value   

with decreasing set 

point 

(−𝟐𝟎. 𝟗𝟒𝟒 𝐫𝐚𝐝/𝐬ec) 

CSMC 2.182 volt 2.608 volt 2.365 volt 
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Case3: Control robustness under parameters uncertainty. 

For CSMC, Fig. 13 to Fig. 16, show the time response of the 

uncertain system with multiplicative uncertainty. The 

uncertainties were determined based on errors in uncertain 

parameters of nominal system within the range of ±10% of 

the nominal values for the six parameters of the system. It 

could be noticed that the system has good performance within 

the whole uncertainty set. Note the responses stayed have 

high stability and performance  although the high 

uncertainties. Note that the effects of the multiplicative 

uncertainty on the system for controller CSMC less than the 

effects it on the system for linear robust controllers. 

 

Fig. 13. The perturbed velocity time response for closed-loop with (CSMC) 

and disturbances effects 

 

Fig. 14. The perturbed pressure supply time response for closed-loop with 

(CSMC) and disturbances effects 

 

Fig. 15. The perturbed valve opening area time response for closed-loop with 

(CSMC) and disturbances effects 

 

Fig. 16. The perturbed control action time response for closed-loop with 

(CSMC) and disturbances effects 

VIII. CONCLUSIONS 

This work presents a design of the Backstepping sliding 

mode Controller for controlling the angular velocity control 

for a rotary actuator. The controlled system’s stability 

analysis has been presented using the Lyapunov Function. 

Two switching functions for two level subsystems; low level 

subsystem and high level subsystem have been constructed 

where the back-stepping was used in the conventional sliding 

mode control. The simulation results demonstrated that the 

Backstepping Sliding Mode Controller ensures robust 

stability and meets the desired time-domain specifications 

with uncertainties and disturbances. The simulation results 

have been obtained based on the MATLAB software tools, 

showed no settling time, eliminating steady state error, no 

overshoot, as well as high responsiveness in tracking the 

reference speed in spite of the variation in parameters and 

external torque disturbance. The simulation results show the 

Backstepping sliding mode controller has a better robustness 

in terms of stability and performance in comparison with the 

robust controllers based on linear control techniques. The 

simulation results demonstrated that the Backstepping 

Sliding Mode controller ensure robust stability and 

performance of the system in the time-domain specifications 

with multiplicative uncertainties and disturbances. The 

proposed controller can meet various operational 

requirements. The system with Backstepping sliding mode 

controller has fast response to track the reference step value 

in spite of the variation in parameters and external torque 

disturbance. 

The effects of the multiplicative uncertainty on the system 

with controllers CSMC little. The Backstepping conventional 

sliding mode controller has a high robustness in terms of 

stability and performance in comparison with the robust 

controllers based on linear control techniques. Future work 

emphasize on merging the robust controllers based on linear 

control techniques with Backstepping sliding mode controller 

in the inlet throttling velocity control system for increasing 

robustness for the stability and performance in addition to 

effectiveness. 

Future work emphasize on employing fuzzy logic, neural 

network and adaptive control in the inlet throttling velocity 

control system. The fuzzy logic is used for a wide range of 

applications, including control systems, decision-making, 
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pattern recognition, and artificial intelligence. The neural 

networks are used for solving complex problems and driving 

innovation in many areas. The adaptive control is used as a 

powerful and flexible approach to control system design, 

providing improved performance, robustness, and 

adaptability in a wide range of applications. 
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