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Abstract—This study explores an application of robust
nonlinear control to an underactuated inverted pendulum
system (UIPS), a type of underactuated mechanical system, by
first transforming the perturbed system into a form of a port-
controlled Hamiltonian system (PCH), then utilizing the
Interconnection and Damping Assignment Passivity-Based
Control (IDA-PBC) methodology to achieve the stabilization of
an unperturbed closed-loop PCH system with an assigned
energy function that qualifies as a Lyapunov candidate at the
unstable equilibrium point. From there, the problem of
robustification of IDA-PBC for a perturbed closed-loop PCH
system with the state-dependent input matrix of the UIPS,
subject to constant matched disturbances, is addressed by
adding an outer-loop controller with an additional state. This
results in a new system that preserves the framework of a PCH
system, rejects the disturbance, and has a new energy function
that again serves as a Lyapunov function at the desired
equilibrium point. This proposed methodology is called integral
IDA-PBC (ilIDA-PBC). The effectiveness and applicability of the
proposed method are thoroughly assessed through numerical
simulations and experimental validation on the UIPS. The
results demonstrate the method's proficiency in handling the
system’s constant matched disturbances and model
inaccuracies, underscoring the potential of iIDA-PBC for
broader applications in systems facing similar control
challenges.

Keywords—Underactuated Inverted Pendulum System; IDA-
PBC; Robust Nonlinear Control; Hamiltonian Systems;
Disturbance Rejection.

l. INTRODUCTION

Using a well-known underactuated system like the
underactuated inverted pendulum system (UIPS) is often the
preferred choice for researchers to explore and validate new
control strategies, study chaos theory, and more. This is due
to its highly nonlinear nature and underactuation, where the
number of inputs is fewer than the degrees of freedom,
making control strategies particularly challenging for the
underactuated components. Recent studies demonstrate that
UIPS is in fact able to work in the mentioned fields, and is
used as a practical system to verify the research methodology.
For few examples, O. Saleem and colleagues developed an
adaptive fractional-order linear quadratic regulator for the
UIPS and demonstrated its effectiveness through experiments
[1]. Similarly, T. Li et al. (2024) investigate the effects of the
fractional Gaussian noise excitation for the UIPS [2]. New
intelligent methods have also been researched and applied,

such as the RBF-ARX model-based predictive controller [3],
while optimal robust adaptive fuzzy techniques were
employed to enhance control performance [4]. Additionally,
the Takagi-Sugeno fuzzy methodology has been extensively
studied and implemented in multiple works [5]-[10].
Furthermore, chaotic behavior analyses have been conducted
in several studies to explore complex system dynamics [11]-
[15]. Besides, it also serves as a valuable model for
developing new mechanical systems, such as Segways [16],
[17], human posture control systems [18], [19]-[22], self-
balancing robots [23]-[25]. Based on this analysis, we target
to utilize the UIPS to qualify our controller proposal, namely
Integral Interconnection and Damping Assignment Passivity-
Based Control (iIDA-PBC) technique.

Regarding IDA-PBC, it is a control method for nonlinear
systems that stabilize dynamic systems by designing them to
achieve the desired energy structure. The technique modifies
the system's dynamics to embed a target closed-loop
behavior, typically by assigning a Hamiltonian structure (e.g.
PCH) to the system, allowing the energy function to act as a
Lyapunov function for stability. For PCH, it is a specific type
of physical system used in control theory and system
dynamics that incorporates both energy exchange and
Hamiltonian mechanics. This framework models systems that
can exchange energy with their environment through "ports,"
which are interfaces for input and output.

Several studies on the mentioned approach, devoted to the
class of underactuated systems have appeared in literature
and industry. For instance, P. Borja (2024) [26] studies about
how to remove the PDEs from his control design for IDA-
PBC, or Mattioni studies the controller in discrete models and
with time delays [27][28]. Moreover, in [77][78], a new
approach called cbl-PBC is introduced as a variation of
passivity-based control, involving deeper analysis within the
internal system.

On top of that, IDA-PBC has been studied for many
advanced models such as autonomous underwater vehicles
[29]-[31], unmanned aerial vehicles [32]-[36],induction
motors [37]-[39], permanent magnet synchronous motor
[40]-[43], underactuated systems [44]-[49], robot [50]- [53],
hybrid electric vehicles [54][55], power systems [56]-[63],
and so on. In numerous practical scenarios, the system's state
may not be directly measurable. To address this challenge,
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studies in [79] and [82] propose an approach for designing an
observer to estimate the system's state effectively.

The IDA-PBC is effective in controlling unperturbed
nonlinear systems; however, it does not maintain the desired
equilibrium point when disturbances occur. These
disturbances can be categorized into two types: matched and
unmatched. Matched disturbances are related to modeling
errors or any disturbance that can be mapped through the
input matrix, whereas unmatched disturbances cannot be
mapped through the input matrix and act independently of the
control input.

Researchers have started addressing the problem of
rejecting such disturbances after achieving a stable closed-
loop system at the equilibrium point using IDA-PBC. Some
approaches involve adaptive control [36] or the integration of
an integral action, known as Integral Interconnection and
Damping Assignment Passivity-Based Control (ilDA-PBC)
[64][65]. Significant efforts have been made in this area. For
instance, E. Franco and colleagues in [66] explored the
implementation of iIDA-PBC for underactuated systems with
actuator dynamics and uncertain coupling. In 2015, M. Ryalat
et al. proposed an iIDA-PBC PID-like control approach [67].
However, these techniques introduce additional partial
differential equations (PDEs), which can be challenging to
solve. To address this issue, researchers [68]-[71] proposed
integrating an integral action into the IDA-PBC framework
to counteract disturbances without requiring additional PDEs.
However, this method only addresses matched disturbances
under the condition that the input matrix is constant.
Furthermore, it requires a new coordinate transformation for
underactuated systems to apply their proposed method.

In this paper, we present a step-by-step procedure for
designing an IDA-PBC on an UIPS, omitting the solving
PDEs proof but providing remarks for those who wish to
apply it to other systems. Next, we propose a different
formulation of the iIDA-PBC methodology for handling
constant matched disturbances. This approach does not
introduce any additional PDEs, relaxes the requirement for a
constant input matrix, and avoids the necessity of
transforming to a new coordinate system. Finally, we
demonstrate the effectiveness of the proposed method
through both simulation and experimental results. The results
show that constant matched disturbances are rejected.
Additionally, some limitations are discussed, highlighting
areas for future development.

The organization of this paper is structured into five parts:
First, a brief introduction to the IDA-PBC methodology for
the PCH system is provided. Second, the dynamics of the
UIPS with constant matched disturbances are presented,
including the step-by-step design of the IDA-PBC on the
UIPS, the effects of the mentioned disturbances on the
closed-loop system, and the problem statement along with the
proposed solution. Third, the methodology is introduced,
including the stability proof and a visualized tuning
procedure. Fourth, the results from both simulations and
experiments are presented. Finally, the paper concludes with
final remarks, a discussion of ongoing work related to the
system, and suggestions for future research.

Notation 1. In this manuscript, we use the notation as
follows: I,is a n X nidentity matrix, 0,,, denotes a
n x mthat contains only zero in each of its entry. For g € R™,
we define ||q||Z = q"Kq forK € R™ ™ and K = KT > 0. For
p € R™™ the symbol ||p|| is its induced norm. The gradient
of a mapping T(g):R™ —> R is denoted as VT(q) =
@T/aq)".

Notation 2. The arguments of the functions are
sometimes omitted for the availability of spaces and
simplification.

TABLE I. LIST OF ABBREVIATIONS

Abbreviation Full Description

UIPS Underactuated inverted pendulum system
PDEs Partial differential equations
PCH Port-controlled Hamiltonian

Interconnection and damping assignment -

IDA-PBC Passivity based control
iIDA-PBC Integral |nterconne_ct_|on and damping assignment -
Passivity based control
NMAE Normalized Mean Absolute Error
NRMSE Normalized Root Mean Squared Error

Il. MATHEMATICAL MODELING

A. Overview of The Port-Controlled Hamiltonian System
and the Design of the IDA-PBC

An underactuated system with n-DOFs, is described in the
form of the port-controlled Hamiltonian as follows:

c'z] _10 11|%H@.p) [ 0 ]

.| = 1

[p [—1 —D] [VpH(q, »| T le@l" @)
Where the control input u € R™, which applies to the input
matrix G(q) € RV with rank(G) = m(m <n). The

system states ¢ € R™ and the momenta p = M,(q)g € R",
the physical damping D = DT > 0.

The mechanical energy function of the system,

1
H(q,p) = EPTMt‘l(q)p +02(q) (2

is characterized by the kinetic term, associated with the
positive definite inertia matrix M, = Mf >0, and the
potential energy 2(q). The partial derivative of H(q, p) with
respectto q is V, H(q, p), and the partial derivative of H(q,p)
with respect to p is V,H(q, p).

As in [72], to achieve the goal of stabilizing the system at
the desired equilibrium (g, p) = (g%, 0), the energy function
(3) should be shaped in the new form:

1
Hy(q,p) = EPTMglp +024(q) 3)

For which, the new potential energy £2,(q)should admit
a strict minimizer in g*and verify the conditions ,2,(q") =
0 and V72,4(q*) >0, and the inertial matrix M,(q) =
M7 (q) > 0.

The target closed-loop system has the form:

M; My ] Vqu] @)

('1] _ 0
[zi [—Mth‘l J2» — GKyGT — DM7*My | 1VpHy
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This is achieved by using the IDA-PBC control law [72]
as follows:

U= Upg + Ugi
Ups = G¥[V,H — MgM;*V,Hy + ],V Hy | (5)
Ugi = _KvGTVpHd

The suitable inertia matrix M;(q) and £2,(q) are verified
for the partial differential equations by matching (4) and (1),
the result is as follows:

{GJ-(VqQ - MyM;'7,0,) =0

_ _ (6)
GH(V,H — MaM; 'V, (p"M7'p) + 2J,V,Hy) = 0

Where G*(q) = (GTG)™1GT(q) is the left pseudo-inverse
matrix, the damping gain K, = K} > 0, the free matrix
J.(q,p) = —J¥(q,p), G*+(q) is the full rank left annihilator
of G(q). The input u.is called the energy shaping control
law, which first shape the in to the form (4) without the term
GK,GT(q), then the input ug;, called damping injection law,
adds the remaining term.

Taking the time-derivative of H;(q, p) yields:

Hy ==V, H{ (GK,G™ +DM,*M, )V, H, <0 )

From (7), (q,p) = (g%, 0) is the stable equilibrium of the
closed-loop system (4) [72]. Furthermore, it is asymptotically
stable if, according to Lasalle’s theorem, the largest invariant
set under the system (4) satisfies the following:

{(a,p) € R?"|H4(q,p) = 0} = {(¢",0)} (8)

If yq £ G"V,H, is detectable, for the case D = 01in (7),
as y; =0=(q,p) =(q",0). For clearance, we have
Hy(q,p) < ylug;, in which y, is the passive output of (4)
and the control u,; defined as in (5) preserves passivity.

Remark 1. The current form of (6) includes terms such
as the system's inertia matrix, kinetic energy, and the skew-
symmetric matrix, all of which are functions of g and p,
making the equation nonlinear and coupled. Solving this type
of partial differential equation requires a specific structure to
derive a solution. In this paper, the detailed proof of the steps
for solving (6) is omitted due to its length and because it
primarily follows well-established methods, as our focus is
on addressing the rejection of the additive matched
disturbance in the perturbed system, which will be mentioned
in sequel. Readers seeking a deeper understanding of the
proof are encouraged to refer to [72] and [73] for
comprehensive insights.

B. The System Dynamic of the UIPS

The schematic of the UIPS is captured in Fig. 1. The
dynamic of the UIPS is of the form [74], [69].

¥ _ [A(x%6,0)]  1g:(6)
[g]z[fz(x,x,e,é)] ot ®

Where x,%, 0,0 € R are the system’s states fi, f, € R and
91, 92 € R are differentiable, v € R is the control input, and
d € R is the disturbance to be rejected, which is not known.

b
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Fig. 1. Schematic of the UIPS

ml? sin — (bl B gt)x+ cos 8 (mglsin6 — b,0)
fi= M+]/r+msm29
B k:/R
gl_M+]/r+msin29
1
e (M+m+ )(mglsm@ b,0) —
2 . B | k2\.
mé sm@cose—— by +—+5=)xcos8
£ = l T Rr
2T M+ ]/r+msin? 6
%cos@kt
gz_M+]/r+msm20
k:/R
9a(q) = :

>0
M+ ]/r+ msin?6

Where M and m are, respectively, the mass of the cart and the
pendulum’s mass, [ is the length of the pendulum.
J,R, k., B are the inertia, resistance of the coil, torque
constant and friction of the DC motor, respectively. r is the
radial of the pulley for the force transition from the rotation
of the motor shaft to the cart. b, and b, are the torque friction
of the cart and the pendulum of the system.

C. The Port Controlled Hamiltonian System of the UIPS
Applying the feedback equivalence to (9) as follows [75].

—fit+u
= — 10
o (10)
The system (9) is of the form
X =u —gqd
b 1 d 11
!9—%Sln9—76+fcoseu1—g%cose (1)

The system (11) can be inferred as the port-controlled
Hamiltonian system

[Z] (5 ol [ ]+[G?q)]u1 1
‘[G(q)]gdd ()

Where g =[x 0]",p =[x ¢]"are the states of the port-
controlled Hamiltonian system. The system energy is of the
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form H(q,p) ==p"M;p + Q(q), the potential energy [ 0 MMy ] .
2 _ “1yy |0 and &(q,p) £ Ja(q,p) -
0 0 1 —M Mt ], — DM My ¢
2(g) =fcos6,D =g b |, and G(9) = [(1/1) " 9]. Ra(q).
i .. . The new system’s energy of the UIPS is of the form:
Remark 2. In (11), the underactuation term 6 contains the N
friction part —%é, which cannot be directly removed by kcosf kz—bcosz 0
the input %cos 6u, in all the operation range of the Hy(q,p) = Ep kb kb2 p
pendulum. As can be seen in (7), the dissipation matrix D, 7605 0 TCOS 0 a7

contains all the friction type, contributes to the stability of the
system. This is the feature that makes this approach different
than other nonlinear controllers.

D. Formulation of IDA-PBC for the UIPS

The IDA-PBC control law [72] with d = 0 of the system
(12) is given as follows

U = Ups Uy +U (13)
Such that

e The control inputu is arbitrary. For IDA-PBC, this equals
to zero.

. KV=KJ>0anth=[(1)

kb
kcos® = cos? 6

o My(6) = MI(6) =

kb?
—cos 29 760539

o 0,0 = Z—Z(secz 6—-1)+ E[x - %ln(sec@ +
2
tan 9)] satisfies ¢* = argmin 24 (q)
e u,, and uy; is defined in (4).

e J:.(q.p) =-Ji(q,p) =p"M;'GpW,
Where ¢(0) = ksin6withk >0

Wi=|_4 o]

These functions and parameters are verified for all
(q,p) € R* the partial differential equations (PDES).

1
G* (EMth_lequHd +]2(Q:P)) Mg'p =0 (14)

G+(v,0 — MyM;'7,0,) =0 (15)

Where e, € R?is the r-th vector of the standard Euclidian
basis and G1(0) is the full rank left annihilator of G(6),
which means that GG (8) = 0.

The desired closed-loop dynamic (u = 0) is thus of the
formasin (4). We recall the format of the closed-loop system:

5] - e |
Mth J, — GK,GT — DM;*M,| 1Y Ha (16)

—xv 2£(q.p) =7Ha
We define new term, that is used for the stability proof in the

0 o] X
0 GK,GT| *=

G(q) = [G?q)]’ Ja

latter section as follows: Rdé[

YL
‘\vH, = ,
[P a VpHd

[I>

+3% secr 0 - 1)

o (sec

P 3 2
+E[x—Eln(sec9+tan0)

The briefly procedure to derive the parameters for the
control law (13) after for solving (14) and (15) in [73] is
summarized as follows:

TABLE Il. PARAMETER DERIVATION FOR IDA-PBC

Calculation Steps for IDA-PBC Parameters
Step 1. Start at system (11) where d = 0. Calculate the
gradient of V2(q), and find the full-rank left annihilator

G*(6) of G(0) . Note that M, = I.

Step 2. Choose ¢(08) = k sin 8 with k > 0 and determine

the inertia matrix M, (0) in the following form
[

Ma(®) = [ 6() 9(5)67(5)ds + M
0
Where MJ is the constant matrix that eliminates all the

constants in the matrix derived from the integral term.
Step 3. Define new input matrix G*(8) = n(8)G*(0),

and calculate n(6) = m, p is a constant.

Step 4. Find the potential energy 2,(q) as follows:
1%,
24(@) =5 [ ) 70)ds +0(x(q))
0

Where 6(2(q)) = 3 (2(q) — 2(¢4) " P(2(q) — 2(q"))
and z(q) = x — %foe G*(s) My(s)e,ds.

Step 5. Compute the skew-symmetric matrix
J2(a,p) = —J3(q,p) =p"Mz'GoW;  with

2l

Remark 3. In order to follows the procedure, some
conditions must satisfy. First, the system must have an
underactuation degree of one. For instance, our UIPS has 2
DOF with 1 input, satisfying this condition. However, if the
UIPS has 2 pendulums, it becomes a 3 DOF system with 1
input, resulting in an underactuation degree of two, which
makes the mentioned method in [73] inapplicable. Second,
the system in the form of (10) must have an inertia matrix M,
equals to an identity matrix of the same size. This condition
is crucial for (14) to be parameterized in order to find M, (q).
Moreover, for practical applications, having an arbitrary
constant matrix M, is insufficient because in the PCH system,
the states are defined as ¢ = M, [x 6]Tandp = M,[x 4],
meaning the states cannot be directly measured unless it’s an
identity matrix. However, this is not the serious case when
the feedback equivalent (10) helps to solve this problem.

Wl =
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Third, the choice of ¢(8) in step 3 to achieve a suitable
desired inertia matrix M;(q) may restrict its domain. For
example, our choice of M,(6) = ML(8) > 0 is limited to
being a positive definite matrix in (—gg) meaning the
controller in (13) cannot swing up the system from the
downward position. However, for some systems, such as a
wheeled inverted pendulum, one can choose ¢to be a
constant and follow the remaining steps of the procedure to
determine all the parameters for the control law (13), which
is capable of performing both swing-up and balancing at its
unstable equilibrium point, [76] in section 3.4.1.

E. The Effect of the Matched Disturbance to the UIPS

Recall that after matching equations of system (12) and
(16), we obtain (15). Additionally, we have GG = 0, so that
the matched disturbance does not affect in the solution of the
PDEs (14) and (15). In this section, we analyze its effect by
recovering the matched disturbance when the system is stable
at the equilibrium point (g*, 0), as follows:

GH(V,2 — Ggad — MgM™V,0,)(q") = 0 (18)

From (18), we have:

G(Ggad + MgM™'V,02,)(q") = G*V,2(q") (19)

Since V,2(q") = 0only if 6 = km with k € Z, we have the
following:
G(a)94(q)d + Ma(@IM (g, 24(q") =0 (20)
Calculate (20), we obtain the shifting position:
£ = 2gq4(67)d
- Pk

In (21), if the system (16) is affected by a matched
disturbanced , the system will stabilize at a new equilibrium
position ¢* = (x*,0%) = (x*, 0).

(21)

F. Problem Statement

Consider the perturbed system of the form (16) with the
new definition term and d # 0.

iy = §(xp)VHa(xp) + Ge(xp)u = Ge(x) ga (%) (22)

The constant disturbanced can be interpreted as the
system modeling error, the input losses of power circuits, and
frictions. This type of disturbance is referred to as a “matched
disturbance,” and it causes the desired equilibrium point
(g, p)of the stable system (16) to shift to a different position.
We will demonstrate this shifting phenomenon in the
simulation results, where d # 0 at a specific time after the
system has stabilized at the desired equilibrium.

To overcome the problem, many methods have been
proposed that introduce an additional state to merge the
matched disturbance into the system and still preserve the
structure of a PCH system, as in [68]-[71]. Following this
approach, in this manuscript, the authors enhance the method
that has been introduced in those, as it is only applicable to
the systems where G € R™ is a constant matrix and requires
a coordinate transformation when applied to the
underactuated systems.

The dynamic state feedback controller and an additional
state for our proposed method is as (23).

{u = ﬁ(xp, {)
¢= f(xp' Z)

Where ¢ € R, which is part of the new dynamic state
feedback, which ensures that the system (10) becomes an
unperturbed port-controlled Hamiltonian system with an
stable equilibrium point at (x;,{*) = (x;,c,Glx; —
cr tcz1d). This conclusion is clearly presented in Remark 5,
following the proof of Proposition 2.

(23)

1. METHODOLOGY

In this section, we first present our proposed method for
rejecting the matched disturbance of the system, including a
step-by-step proof. Next, we present our assumption and
lemma, to support stability analysis with an explanation and
proof, respectively. Finally, we provide a step-by-step design
procedure and a visualized structure for applying the
proposed method to the perturbed system (22), followed by
comments.

A. Proposition of the iIDA-PBC

Proposition 1: The disturbance rejection inputu in (13)
for the system (22) of the form (23) is introduced the
following.

u= _C1C39d(chchp - C) (24)
And the new system state is proposed as follows
Z = G(,T(CZ{? - Clgdln)VHd + CZGchp (25)

Where x, = [@  P]” € R*, and tuning parameters ¢,, ¢, €
R*, c3>0,and G.(q) = [0 G()]".

The estimation error is defined as follows

€2 c,Glx,— ¢ (26)
The new closed-loop system is introduced as follows
[xp] _ [ g —€19aGe [VHd 27)
€ Gl &+ c19aGl L, —€1629aGE G ALV Le

With (g, p) = €(q,p) — €(q,p) is the modelling error.
The energy function of L.(&)is constructed as follows

T

1 1 1
L.(¢) =§<S+c_163_1d) 3 <e+ac3_1d) (28)
Proof:
Step 1. Define the Lyapunov candidate as follows
1
L.(e) = EC3£T£ (29)
Taking gradient of L, (e)with respect to &, we have
Vely = e3¢ = C3(CZGchp - () (30)
For simplicity, we denote V.L, as V'L,.

Step 2. Substituting (30) into u in (24), we achieve
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U= —C19aC3 (CzGchp - () = —c19qVL¢ (31)

Step 3. Substituting (31) into (22) to have the dynamic of
%, as follows

X, =&VHy — ¢194GVL — gaqGed (32)
Step 4. Taking the time-derivative of ¢ in (26)
€ =0,Glxp 4 ¢,GI %, — ¢ (33)
Step 5. Substituting (32), and ¢ in (25), into (33), we
achieve the second dynamic:

&= (CzGch + ClgdGcT)VHd — €16294GL G VL,
- ngdG;chd

Step 6. From (33) and (34), the system can be summed up
as follows:

2]

(34)

_ [ i ¢ —1940G¢ VH, (35)
C2GIE + 194G —c10294G; G LVLe

_ gdGC ]d
ngdGZGC

Step 7. The system (35) is still perturbed by the matched
disturbance d. Taking the gradient of (28) with respect to ¢,
we have the following:

1 1
VLC = C3€ +ad = VLt +ad
As the result, we have VL, has the form
1
Vi =VL.——d (36)
€1

Step 8. Substituting (36) into (35), we achieve (27).
The proof is completed. [

Remark 4. From proposition 1, the input u in (13) is
augmented with the additional state ¢, we recall (13) to
conclude the final form of the input control law for the
unperturbed system (12) as follows

Uy = Ugs T Ug; T U
Ups = GH[V,H — MMV, Hy + ],V Hy |
ug = —KyG"V,Hy (37)

\u = _C1C39d(CZGchp - () )
¢= GCT(sz - C1gd1n)VHd + 6,6l x,

Where the parameters of the control law (37) is defined in
(13), and satisfies the condition in Proposition 2. The
visualize structure of the proposed method can be shown in
the Fig. 2.

In the next section, a stability analysis is presented, along
with an assumption and a lemma, to support the proof of
stability for the proposed method.

DAMPING INJECTION
ug = —K,GTVH;

Udi

ENERGY SHAPING

+ N L
|| v =G [VH - MM 'VH, “cﬁcg \ e (,p)

+J—3VH,1: + ( )
F-=—=========== — = === === e e e == ===
|
! COMPENSATION INPUT o MODEL STR'['('TII'R}: |
e T . 0 MMy
u= C1CJ9d(EQGde ¢ = MM Ty - GRyGT - DJ\I"J'IJ |

¢ |
é| |
‘ THE ADDITIONAL STATE J‘L

(= (2GT€ — c1gal,)VH, + Gl ||

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 2. The control structure of iIDA-PBC
B. Stability Analysis
Assumption 1: The matrix £(q, p) satisfies the following

a) The modelling error £ is assumed to be associated to only
the term R, this means that £(g, p) has the form

£@.p) =Ja(g,p) — Ra(q) (38)
. 5 _ 02x2 0252
In which, the form of R;(q) = 0,y GR,GT)
b) There exists a boundary constant A > 0 such that
€. <2 (39)

Recall that £(q,p) = £(q,p) — é(q,p).

Remark 5. The modeling error in equation (38) is a
specific type that can be compensated for using the proposed
method. If K, # Ky, then the inputu will compensate for the
error between the two parameters. For instance, a system with
K, = 3and K, = 25 will exhibit the same response as a
system with K, = 25. Considering this, we make an
additional assumption regarding the boundary of the system
error to derive the conditions on the controller parameters
{c1, c,, c3Jthat ensure robustness against modeling errors.

Lemma 1: The term R, defined in (16) has the rank 1,

there exist a unitary matrix U(q) = [U,(q) U,(q)] € R***
such that

Rd=[8 GKS GT]:U(q)diag{O,O,O,Al}UT(q) (40)

We achieve the following claim

£(q,p)U(q) = O4x3 (41)
Proof:

Calculating R,

0 0 0 0
0 0 0 0
Ky
Ry(q) = 0 0 Ky —cos 6 (42)

l

K K
TV cos 6 (TV cos 6)

The non-zero eigenvalues of R;(q) are

2

0 0
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cos? 0
2.1 = KV 1 + l2 (43)

And the decomposition of unitary of the square matrix in (42)
is of the form

'0 0 1 cos 0
U,(q) = 2 2
14 \/c01526+1 l\/co;‘26+1

[ 1252 0251 0251 ]T (44)

cos 6 1
Uy (q) =|01x2 —
2
lJCOlsze+1 \/co; 9+1

These resulted square matrix in (44) construct the unitary
matrix verified by its property UTU = UUT = I,,.

From (44), the claim from (40) and (41) is verified by
computing.
The proof is completed. [

Lemma 1 is used in the proof of the following proposition
2.

Proposition 2: The following properties are given by the
system (27):

a) If &€(x,) is bounded, for which A # 0 ,the system is
asymptotically stable at (x;,¢*) = (xp, c,GI x5 — c7c3'd)
such that the gains c;, ¢, of the controller satisfy as follows

1o A2

& Bl
Where 1; = argmin{g,;(6)}, A,in (43).

(45)

b) If £(x, ) is zero, for which A becomes zero, the system
is asymptotically stable for ¢;, c, > 0 at the equilibrium point

(x5,0") = (x5, c2GT % — cTtestd).
Proof:

Step 1. Taking the time-derivative of the Lyapunov
function candidate L(x,, &) = Hy(x,) + L. (e).

L =VHy%, + VL€ (46)
Step 2. Substituting (27) into (46) we achieve

R G,
P VHd]T d sz

[VHd
VL,

) (47)
—ECzGch €1629aGé Ge
Step 3. Invoke lemma 1, the term R ;(q) can be expressed

as
Ry = Uy (@), U] (@) (48)

We transform the modelling error £ in (46) as the form

§=¢&1=¢[U, Uluy ufl” (49)
o &= Eu,ul + Eu,ut
Recall from (41) that £(q, p)U,(q) = 04x3. We have:
§=¢u,uf (50)

Step 4. Substituting (48), (49), and (41) into (47), the
expression of (47) is equivalent to the following

r T y) —lc Urére
L __ UIVZHd] . 1 2 2¥1 c
‘ - EchcTSgU1 €16294G¢ G, (51)
ur VHd]
VL,
Step 5. We define the square matrix in (51) as follows
1
A __CzU S(T
R@=| (52)
T¢ T
_ECZGC §U;  ¢16294Gc Ge
R;(q) can be expressed as follows
1 -
_ = T T
Ri(q) = ém Om] 2
2 __szU1 €1C29a (53)
11><1 01><2
X
Osx1 Gc

Step 6. Defining the new square matrix in (53)

1
A __CzU rér
R@=| , (54)
_Ecszl €1C29a

It shows that L < 0 by ensuring that R.(q) > 0. The
conditions that ensure R, (gq) > 0 are as follows
(55)

1 .. -
€1629aM1 — _CCZEU1U{ET >0

cos? 6

Since 4, = Ky (1 + ) adjusting K, > 0 holds the

first condition in (55). For the second term, the condition
holds for any ¢, c, satisfying the following

a_ 2 & §u,uréT
4 4q ~ AMllgall — 44194

Remark 6. When the system (27) satisfies the condition
(56), we can conclude that L. < 0 where R, (q) > 0. Applying
Lasalle’s theorem, the system converges to the largest
invariant set defined by UTVH, = 0 and VL. = 0. We have
in (27) that x,, = VH, if VL, = 0. Since %, = £VH, is the
closed-loop system of the form (3), so that x,, = (g%, 0) is an
asymptotically stable equilibrium point. Furthermore, as
VL. = 0 we have

(56)

1 1
VL, =0 & c3e* +ad =0 c3(c,Glx; — %) -|-ad
=0=0" =Gl xp +c7'cz'd
a) 1f&(x,) = &(x,) @ &(x,) = 0, the constant A = 0.
In which, the condition (56) becomes true for any choice of
¢, >0 and ¢, > 0. The conclusion about the equilibrium
point is stated in the same way as in Remark 6.

The proof is completed. ]
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C. Implementation Procedure for ilDA-PBC

We summarize the design procedure of the iIDA-PBC for
the UIPS in 4 steps (Fig. 3):

Step 1. From the open-loop system (9), applying feedback
equivalence transform (10), we obtain (11), which can be
interpreted as a PCH system (12).

Step 2. Match the PCH system (12) with the desired
system (13) to derive the control law (13) and the PDEs (14),
(15), which must be solved to obtain the new energy function
@an.

Step 3. Solve the PDEs (14) and (15) by following the
steps in Table Il to derive the parameters for the IDA-PBC
control law (13), The resulting closed-loop system (16)
admits the equilibrium point at (¢, p) = (¢*,0) whend = 0.

Step 4. Using Proposition 1, we derive the iIDA-PBC
control law (37) for the perturbed system (22) to become (27).
With the choice of controller parameters from Proposition 2,
the newly obtained closed-loop system (27) admits an
equilibrium point at (x;,¢*) = (xp, ;G x5 + crestd)
where x; = (g7, 0).

Remark 7. The tuning procedure of the IDA-PBC
parameters is summarized as follows, and it is primarily
based on empirical observations and practical insights.

i
|-

An Implementation Procedure for iIDA-PBC for the UIPS

[! (.2, H')} (@]

Step 1. - fulz,,0,8) —u,
falz,3,8,6), {9) -

91(8)

l 17 [V.Hi Step 2. i
L [ D} [v Hiq ")} [G{ ]](n, e - - - - - - - B5cocd {u =G|V H — MyM 'V, Hy + J,V,H,|
1 @P) & = —KyGTV,H,
0 MMy VoHy sten 3. [u=—eicoguleaGlzmy - C)
[P] [ M ! i iy ] [ ] [ ](u =y Té i
LM~ J,— GEvG™ — DM "My |V, Ha| | Gla) £ = (€2GTé — e19aln) VHa + c2Gz,
}

[ ] —e194G. [wmr,} Step 4.
te 5+c 94GTT,  —c1c294GFG.| | VELe(e)

Fig. 3. The iIDA-PBC design procedure for the UIPS

Fig. 4 presents a block diagram outlining the process of
tuning the parameters of the IDA-PBC controller for both
simulation and experimental setups. The steps in the diagram
are designed to be clear and straightforward, ensuring an
intuitive understanding of the process.

The parameter evaluation is based on the system's
response characteristics, including overshoot, settling time,
and oscillations. Each parameter corresponds to a specific
aspect of the system’s dynamics. As described in equation
(17), adjusting k increases the gain in the kinetic energy
equation, specifically affecting the inertia matrix M.
Modifying P impacts the gain in the cart’s position term in
the potential energy equation, while tuning K, influences the
dissipation properties of the system, as outlined in equation
(37).

Once the steps are completed and the user is satisfied with
the system's response based on the obtained parameters, the
tuning process can be concluded.

Remark 8. The tunning of ¢, ¢,, and c¢5 for the dynamic
state feedback u and the additional state ¢ is straightforward,
as described in the control law (37).

Start

|

Setk=P=K, >0

|

Tunning k
Yes
Is the pendulum response better? e

l No
Tunning P

l

Is the cart response better?
l No

Keep the smallest P that

gives the acceptable response

|

Tunning Ky
|

Is the response better?

P —

Yes

| No
Keep the smallest Ky that

gives the acceptable response

1
+

Yes
Are you ok with the response? —+( Stop

| no

Fig. 4. The experiment tunning procedure for the IDA-PBC controller

{u = —1639a(c2Glx, — Q)
= GCT(CZS - clgdln)VHd + 6,6l x,

e Modify ¢; Tl to regulate the amplitude and the
convergence rate of ¢ Tl and u T!.

e Adjust ¢, Tl if the convergence rate and the amplitude of
¢ Tl are insufficient. Besides, the convergence rate of u T
l is also affected by c,.

e Tune c5 T! to directly control the convergence rate of the
input u T! and the steady-state value of .

We have that * = ¢,G x;, — i *c3'd, so adjusting ¢;, c3
will affect the steady-state value of the additional state ¢.
Moreover, both ¢; and c; influence the convergence rate of
u, but c; is specifically dedicated to adjusting it, therefore, it
is preferable to adjust the gain of u using c;. The
compensation input u will converge to u* = ¢,c394(0){".

Increasing c, results in a higher peak of ¢ during the
transient phase, while its steady-state value remains
unchanged.

V. RESULTS

A. Simulation Results

The simulations are performed in MATLAB with the
initial states of the system set as (x,6,%,8) = (0.1,0.3,0,0)
(Fig. 5).
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The system’s parameters are:

g =9.81,7 = 0.019099,R = 0.32828,B = 5.4207 X 10™*
kt = 0.077166,1 = 0.12419,b; = 0.85151,b, = 2.0887 x 107°
J =4.6843 x 1075, m = 0.040796, M = 0.029392.

1) Case study 1: Tuning Control Parameters for IDA-PBC

Cart position x

0.1

—~Casel:
—~Case 2:
—~Case 3 :
—Case 4:

Set Point

1 T T
s
ARRX
<<
1 T
E

ElE
I

0.05

x (m)

o

005 : ‘
0 5 10 15
Time (seconds)

Angle of Pendulum 6

0.3

<

<<

02 —Case3:k

iRl
i

RR=RR
e

I
prRee

01 Set Point b

6 (rad)

-0.1 b

-0.2 b

5 10 15
Time (seconds)

o

Fig. 5. The system's response under different parameter configurations.

The system's response with the IDA-PBC controller
shows noticeable improvement as the parameters are adjusted
following the guidelines in Remark 7. A comparison between
case 1 and case 4 reveals that, although the overshoot in case
4 is comparable to that in case 1, case 4 demonstrates superior
performance with significantly reduced oscillations and a
shorter settling time.

By following the parameter tuning procedure outlined in
remark 7, the input response of the system shown in Fig. 6
and its error metrics with respect to the set point from Table
I11, demonstrates that suboptimal parameter choices, as seen
in case 1 and case 2, lead to increased oscillations and longer
settling times compared to the improved tuning parameters in
case 3 and case 4. Furthermore, Fig. 6 illustrates that the
simulated input results produce voltage values suitable for
practical implementation in real-world systems, assuming a
reasonable initial state of the system. These findings validate
the feasibility and applicability of the proposed control
method in practice.

Voltage
4 I
—~Casel:k=1,P=1,Ky =1
—Case2:k=1,P=5Ky =1
2r —~Case3:k=1,P =5,Ky = 5|
—Cased4:k=2,P=5Ky =5
Aaa
~—~ 0} —C
> vy
N
= -2 ,
-4 i
6L 1 -
0 5 10 15

Time (seconds)

Fig. 6. The input value in each parameter configuration

2) Case study 2: Rejection of Matched Disturbances Using
the iIDA-PBC Method when & = £

The controller parameters are set ask =5,P =10 and,

K, = K, = 25 while the parameters {c,, c,, c3} are tunned,
and the initial additional state ¢ is zero. The disturbance gain
constant d = 0.1 is applied at the 15" second during the 30-
second simulation.

In Fig. 7, case 1, with the parameters ¢; = ¢, = ¢3 =0,
corresponds to the system controlled only by the IDA-PBC.
In this case, with the absence of d = 0.1, the pendulum
stabilizes at 8* = 0, while the cart's position shifts according
to equation (21):

1

o _20400d _2W T gyl
- Pk Pk
) 0.1
46843 X 105
_ 0.029392 + ~5079099 —
10 X 5
=0.1256

It can be observed that increasing P and k in the IDA-
PBC method helps to reduce the cart's shifted position.
However, this approach is not feasible, as the shifted position
becomes zero only if P or k approaches infinity.

The remaining cases demonstrate that the proposed
method can effectively reject the constant matched
disturbance. The results show that (x*, 8*) converges to zero
within approximately 3 seconds, when d # 0. Adjusting
1, ¢, and ¢4 according to Remark 8 reveals that increasing
these parameters reduces the amplitude of oscillations under
disturbance. Specifically, all parameters contribute to
amplitude reduction when increased.

TABLE Ill. ERROR METRICS COMPARISON TABLE

NMAE (%) NRMSE (%)
Case 1 2 3 1 2 3 4
X 0.069 0.040 0.042 0.024 0.108 0.090 0.081 0.079
4 0.0175 0.0174 0.011 0.010 0.065 0.064 0.0619 0.0566
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Cart position x
015

==Case 1:c, =0.0,c; =0.0,c3 =0.0
m—Case 2:c¢; =0.1,¢c; =0.1,¢3 = 0.1
——Case 3:c; = 0.2,c; =0.1,c3 = 0.1 e e
01 |——=Case4:¢; = 0.2,¢; = 0.2,¢3 = 0.1 q
—Case5:¢; =0.2,¢; =0.2,¢3 = 0.2
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) ——Case 3:¢; =0.2,c, =0.1,¢3 = 0.1
02 —Case4:c; =0.2,c; =0.2,¢3 =0.1
~ 0.15 —Case5:¢; =0.2,c; =0.2,¢c3 =0.2
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-
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7 Time (seconds) 25
Value 1.936e-12 |
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Fig. 7. The system's response under different parameter configurations

In Fig. 8, the behavior of the proposed additional state
is depicted. In case 1, { = 0, as expected from equation (37),
given its initial value is zero. At the beginning, when d = 0,
it is observed that in case 2 and case 3, with ¢, unchanged,
the oscillations have similar amplitudes and convergence
rates. However, in case 4, 5 and 6, increasing c, results in
larger oscillation amplitudes compared to the first two cases,
though the convergence rates remain similar (as noted in
Remark 8).

Integral of ¢
0f—Case1:¢; =0.0,¢; = 0.0,¢5 = 0.0] | s
=—Case2:c¢; =0.1,c; =0.1,¢5 = 0.1 Value 10
——Case 3:¢; =0.2,c; =0.1,¢3 = 0.1
s —Cased:c; =0.2,c; =0.2,¢c5 =0.1
——Case5:¢; =0.2,¢c; = 0.2,¢3 = 0.2
4 Case 6:¢; =0.2,c; = 0.2,¢c3 = 1.0

@
I

Time (seconds) 29 | |
Valve

Time (seconds) 29

vy Value 2.5
2 Time (seconds) 29
R Value 0.5
RN .
1o (“JI - = L
' o 5 Time (seconds) 29
:_2 ‘\ E\; veo| |
' § ;
N 3
P o 05 1 s I I |
0 5 10 15 20 25 30

Time (seconds)

Fig. 8. The value of the integral state of the controller

When d # 0, changes in ¢; and c¢; (increased across case
2, 3, 5 and 6) lead to a reduction in the steady-state value of
¢, as highlighted in Remark 6. In case 3 and case 4, increasing
¢, reduces the settling time of case 4, as its larger ¢, value
accelerates convergence. Both cases, however, converge to
the same value of { = 5. The steady-state values of {are
calculated as follows:

da 0.1

o Case2:{"=—= =10
c1c3  0.1x0.1

o Case3:("=-2="2 _35
c1c3  0.2x0.1

o Cased:"=-2="2 —35
c1c3  0.2X0.2

o Case5:("=-2=-2L —05

ciC3 0.2Xx1.0

These values are confirmed to be accurate when
compared with the simulation results in Fig. 8.

In Fig. 9, since { » ¢* and (x*,6*) — 0, the proposed
control law ensures u - u* = ¢;c394(0){* (as noted in
Remark 8). Verification shows that case 2, 3, 4, 5 and 6 yield
u” = 3.14 for their respective parameter sets. For instance, in
case 6, we have

* « 1 .
U =¢C;0y (O)é/ :qcamé/

1
4.6843x10°

0.019099

=0.2x1.0x x0.5=23.1402

0.029392 +

Additionally, tuning {c,, c,, ¢} impacts the convergence
rate of u. From previous results in Fig. 7 and Fig. 8, it is
recommended to adjust c; to improve the convergence rate of
u without affecting the {'s convergence rate. In contrast, c;
and c, are better suited for adjusting the metrics of .

. u = —cye3g4(c2Gr e, — C)
1

—Case 1:¢; =0.0,c; = 0.0,c3 = 0.0

3|m=—=Case2:c; =0.1,¢, =0.1,¢3 = 0.1 Tine (seconds) 25|
——Case 3:¢; =0.2,¢c, =0.1,¢3 = 0.1 LD
—Cased:c¢; =0.2,c;=0.2,¢5=0.1 7
2 —Case5:c; =0.2,¢, =0.2,c3 = 0.2 Bl
~ Case 6:¢; =0.2,¢; =0.2,¢c3 = 1.0

D sl i
N

3

0 5 10 15 20 25 30
Time (seconds)

Fig. 9. Compensation input under varying parameters

Fig. 10 shows the total input value in the UIPS, for which
Uy = Ugg + Ug; + u. When there is no disturbance (d = 0),
the responses in all cases converge to zero and are identical.
When d # 0, in case 1, where u = 0, although changes in u,
occur due to the reaction of u,, and ug;, the disturbance
cannot be rejected because this case uses only the IDA-PBC
controller (as shown in Fig. 7, and the formula u, = u,, +
ug;). In the other cases, the proposed controller with different
parameters (Fig. 10) shows that u, is capable of rejecting the
constant matched disturbance and remains within a practical
range suitable for real-world configuration. This result forms
the basis for applying the method to the practical model.

Voltage

3 T ]

2k 4

1- Time (seconds) 25 | |
Value 0.4254
A\ l L,
14
e Case 1: ¢; = 0.0,¢; = 0.0,¢; = 0.0
2 =——=Case2:c; =0.1,c;=0.1,¢3 =0.1
—Case 3:¢; =0.2,¢;, =0.1,¢; =0.1
—Cased:c; =0.2,¢c,=0.2,¢c3=0.1
4 —Case 5:¢; =0.2,¢; =0.2,¢5 = 0.2
| | | Case6:c; =0.2,c; =0.2,¢; = 1.0
0 5 10 15 20 25
Time (seconds)

Time (seconds) 10
Value 7.572e-10

Ui (V)

Fig. 10. The input value in each parameter configuration
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3) Case study 3: Rejection of Matched Disturbances Using
the iIDA-PBC Method when & # ¢

The controller parameters are {c,,c3} = {0.2,1} and
{k, P} = {5,10} while the parameters {c,, K, K, } are tunned,
and the initial additional state ¢ is zero.

In this Case Study 3, we examine the scenario where the
K, of the IDA-PBC controller differs from K;,, which is used
in the compensation input u of € from the control law (37).
The cases considered are pairs of cases 1 and 2, followed by
cases 3 and 4, and finally cases 5 and 6. Across these pairs,
the parameter ¢, is gradually increased to ensure that the
system response matches the desired system response (¢ —
$)-

For example, in case 1, K, = 3, and K, = 25 is the
desired value. We examine the parameter ¢, in Proposition 2,
specifically in (56). However, we do not calculate A, A,0r 14,
instead, we gradually increase c,. The methods NMAE, and
NRMSE are used to evaluate whether the achieved response
matches the desired system. We aim to analyze the results
across all paired cases as follows:

Case 1 aims to achieve a response similar to that of Case
2, while case 3 is expected to produce an output identical to
case 4. Similarly, in the final pair, the system response in case
5 is expected to closely resemble that in case 6.

Analyzing c, across the case pairs 1-2, 3-4, and 5-6 in Fig.
11 and Fig. 12 demonstrates that increasing c; reduces the
deviation between the actual system response and the desired
response. The evaluation of system performance as c; is
increased, following condition (56), is conducted using the
NMAE, and NRMSE methods, as summarized in Table 1V
below.

Cart position x
01§ T

—Case 1: ¢, = 0.01,Ky = 03,Ky = 25
008 - —Case 2: ¢; = 0.01, Ky = 25, Ky = 25
006 —Case 3: ¢; = 0.05, Ky = 03, K‘ =25
Case 4: ¢; = 0.05, Ky = 25, Ky = 25,
o Case 5:¢; = 0.10,Ky = 03, Ky = 25,

~
£ oo —Case 6:¢; =0.10,Ky =25,Ky =25
=, Fay AN
% vV"y F— Y 7 v 92
202 f D Value 732201 i
0.04 n
-0.06 u
0

Time (seconds)

Angle of Pendulum 6
T

—Case1:c; =0.01, Ky = 03,Ky = 25|
—Case 2: ¢, =0.01,Ky = 25,Ky =25
—Case 3: ¢, = 0.05,Ky = 03,Ky =25
02 Case 4:c; = 0.05,Ky = 25,Ky = 25

Case 5: ¢; = 0.10,Ky = 03,Ky = 25
—Case 6: ¢; = 0.10,Ky = 25, Ky = 25

Time (seconds)

Fig. 11. The system's response under different parameter configurations

Integral of ¢
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Case 5 : ¢ = 0.10, Ky = 03, Ky = 25|
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Fig. 12. The value of the integral state of the controller

TABLE IV. ERROR METRICS COMPARISON TABLE

NMAE(% NRMSE(%)

Case | 12 34 5-6 1-2 34 5-6
x | 00168 | 0.0025 | 0.0012 | 0.038 | 0.0089 | 0.0046
6 | 00130 | 0.0027 | 00013 | 0.038 | 0.0117 | 0.0059
¢ | 00148 | 0.0070 | 0.0041 | 0.043 | 0.0337 | 0.0222

(Note: Smaller error percentages in Table IV indicate higher accuracy.)

Increasing ¢, reduces the error between the output
response of the system and the desired closed-loop response.
Furthermore, although there is a mismatch in K, the system
response in cases 1, 3, and 5 demonstrates that both x and 8
converge to 0, while ¢ successfully converges to the
corresponding value, as explained in Remark 6 and in the
previous case study.

From Fig. 13, the simulated input values of the system,
both when K, = K, and K, # K, align well with real-world
hardware conditions. For example, if the motor's power
supply is 12V, the input values shown in the figure remain
within a practical range of approximately -4V to +4V,
demonstrating the controller's suitability for practical
implementation in the practical UIPS system.

Voltage

¢ =001, Ky
¢ = 0.01, Ky
¢ =005, Ky
¢ =005, Ky
¢ =010,Ky

Time (seconds)

Fig. 13. The input value in each parameter configuration

4) Case study 4: Rejection of nonconstant Matched
Disturbances using iIDA-PBC

The controller parameters are fixed for {c;, c,} = {1,0.2}
and {k, P, K, = K, } = {5,10,25} while the parametersc, are
tunned, and the initial additional state ¢ is zero.

In this case study, the authors introduce an input
disturbance d = 0.2 sin(2t) to evaluate the impact of a non-
constant matched disturbance to the response of the closed-
loop system (27).

To handle this disturbance, c is adjusted to minimize the
steady-state error of ¢ while enhancing the convergence
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It can be observed that case 1 and case 3 correspond to the
IDA-PBC controller, while case 2 and case 4 represent the
proposed iIDA-PBC controller to handle the constant
matched disturbance d.

The disturbance is applied at the 15" second of a total 60-
second dataset. The authors introduce an additional voltage
vy of 2 volts, corresponding to a disturbance calculated as
follows:

d k. 0.065 ) 0.165
= — = — X (— = —0.
R V4= o7878 <

The calculated d is used to estimate the expected shifted
equilibrium point of the system and compare it to the actual
one in the practical UIPS.

In Fig. 17, it can be observed that the cart position in all
cases oscillates around 0 during the first 15 seconds, similar
to the pendulum angle. This indicates that the system remains
stable around the equilibrium point at the origin. At the 15t
second, when the disturbance d is applied by adding a voltage
of vy = —2 (volts), the following behavior is noted:

e  Case 1: The cart position shifts by approximately
0.02 meters from the origin, and the pendulum's oscillation
amplitude increases by around 0.02 radians compared to the
first 15 seconds. However, both the cart and pendulum still
oscillate around the equilibrium point. The displacement of
the cart from the origin can be calculated as:

, ~0.165
1 3.8704 x 10~5
2 2000d _2Wy7rd 01293 + rgn99-
Pk Pk 15x5
= 00335

If we denote xg,;f, as the actual equilibrium shift point of
the cart in Fig. 17, then xg;r = x*.

e  Case 2: From Fig. 17, it is evident that the cart and
pendulum positions consistently maintain and oscillate
around the equilibrium point at (0, 0). At the 15" second,
when the disturbance is applied, the cart position deviates
momentarily but returns to the original equilibrium point,
continuing to oscillate around it while keeping the pendulum
balanced. This demonstrates that the controller successfully
rejects the constant matched disturbance d.

e  Case 3: Similar conclusions can be drawn as in case
1, but with a different set of parameters for the IDA-PBC
controller, as previously mentioned. The estimate of the
displacement x*is calculated as

, ~0.165
1 3.8704 x 10~°
._29a@d _2w77r% 01293+ 5570099
Pl Pk 10x 10
= —0.0251

As shown in Fig. 17, we clearly see that xg;r, = x™.

e Case 4: Similar to case 2, we conclude that the
proposed method successfully rejects the constant matched
disturbance d.

Cart position x

x (m)

Time (seconds)

Angle of Pendulum 6
T T

N

Time (seconds)

0.05 -

b

Fig. 17. The experimental system's response under different parameter
configurations

6 (rad)

01k

The oscillations of the pendulum and cart around the
equilibrium point suggest that the system is still influenced
by unknown disturbances, certain electrical or mechanical
dissipation components, or variations in the practical balance
position of the upright pendulum. In practice, the equilibrium
point may not align perfectly with the theoretical balance
position but instead lies within a small neighborhood near it.
This is because, in most practical UIPS setups, the initial
position of the system is recorded by the rotary encoder at
6 = +m. Consequently, there is no guarantee that the actual
balance point of the pendulum in practice corresponds
precisely to 8 = 0. Therefore, improvements or new methods
will be necessary in the future to address this issue.

The steady-state value of ¢ in Case 2 and Case 4 can be
approximated as:
,_d —-0165 8.25
¢ T ;. 01x02°0
The results in Fig. 18 demonstrate that this expected value
closely matches the central value of {'s oscillations in both
cases after the disturbance d is introduced.

During the control process, the system input often
operates within a narrow voltage range. Consequently, the
supplied energy to the system (in this case a DC motor) is
insufficient to generate the torque needed to move the
pendulum cart, as this power from the voltage within the
range in Fig. 19 is largely dissipated by friction in the
electrical or mechanical components. The voltage range
reveals that the system responds to input signals only when
the voltage exceeds 2V, making this limitation the primary
cause of the observed oscillations. When this voltage range is
further narrowed through parameter adjustments, the
amplitude of voltage variations increases significantly and
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occurs more rapidly, inducing strong oscillations in the belt
connecting to the pendulum cart. This can result in premature
wear or even complete failure of the practical system.

Integral of ¢

Time (seconds)

Fig. 18. The value of the integral state of the controller
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T T
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2
3
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0 5 10 15 20 25 30 35 40
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Fig. 19. The experimental input value of the system

The formula for predicting u based on ¢ in case 2 and case
4, assuming the cart and pendulum velocities are zero, is
given as:

*

u = C,C;9y (0)5 ¢

BT VI

1
3.8704x10°°

0.019099

=0.2x1.0x

x(~8.25) =1.2564
0.1293+

In Fig. 20, it can be observed that the calculated voltage
falls within the range affected by dissipative components,
meaning the system is not influenced by this input. As a
result, the oscillations arise due to the boundary regions
where the input voltage exceeds the threshold required to
affect the system response, leading to changes in its behavior.

—Case 2
~——Case 4

2 b

<IN R A

Time (seconds)

) u= —clc;;gd(chZmp —()
T T T

3

Fig. 20. The experimental compensation input

V. CONCLUSION

This study presents the design and application of both the
traditional IDA-PBC and the proposed iIDA-PBC methods
on the UIPS. By relaxing certain strict conditions in the
previous researches in the controller design, the iIDA-PBC
method can be extended to broader classes of systems that
meet these requirements, as indicated in Remark 3.
Compared to the conventional IDA-PBC, the iIDA-PBC
more effectively rejects constant matched disturbances and
avoids shifting the equilibrium point of the closed-loop
system, as discussed in Section I1.E and demonstrated in the
simulation results (case study 2). Both simulation and
experimental results confirm these advantages, highlighting
the improved stability and effectiveness of the proposed
approach.

However, the proposed method has limitations. It has only
been validated for constant matched disturbances and does
not perform as expected for other types, such as time-varying
disturbances. For instance, as shown in case study 4, the
iIDA-PBC fails to reject a time-varying matched disturbance
generated using a sine wave signal. Additionally, the
oscillations observed in experimental results are attributed to
insufficient input supply, likely due to power loss under low-
voltage conditions in the DC motor, static errors from state
feedback, and potentially suboptimal choices of controller
parameters.

Future research will focus on extending the iIDA-PBC
method to handle unknown time-varying matched
disturbances and unmatched disturbances, including
unmodeled dynamics, parameter variations, and external
factors such as friction, external forces, or environmental
influences. Moreover, optimizing the tuning parameters of
the IDA-PBC method to enhance performance and
adaptability across various system conditions is a worthwhile
direction for future studies. Additionally, maintaining the
port-controlled Hamiltonian framework while expanding the
operational range of the system, currently constrained by the
limitations noted in Remark 3, remains a key objective. It is
essential to avoid introducing unnecessary complexity or
highly intricate partial differential equations, as solving these
can be challenging. Striking a balance between simplicity and
robustness will enhance the method’s practicality, enabling
its application in fields such as robotics, industrial
automation, and transportation systems, where safety and
efficiency are paramount.
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