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Abstract—Compared to conventional Multiple-Input
Multiple-Output (MIMO) Sliding Mode Control (SMC)
techniques, the component-wise SMC approach offers several
advantages, including improved decoupling of system
dynamics, enhanced robustness, and greater flexibility in
controller design. This paper proposes a novel trajectory
tracking controller for a two-link manipulator based on the
component-wise sliding mode control approach. The design
methodology involves determining controller gains by solving a
set of inequalities. This analysis results in conditions on the
system parameter uncertainties that guarantee the existence of
a feasible solution to the set of inequalities. Furthermore, an
algorithm is presented to determine the maximum allowable
uncertainties that ensure the feasibility of the controller gains.
To evaluate the performance and robustness of the proposed
tracking controller, the manipulator is subjected to a series of
challenging trajectories, including circular and figure-8 ones,
under both nominal and maximum allowable uncertainty
conditions. The proposed controller demonstrates superior
performance across both circular and figure-8 trajectories,
exhibiting excellent transient response and minimal steady-state
error even under the maximum permissible uncertainties,
which extend up to 27% in link masses. This performance is
validated through a quantitative analysis that incorporates a
comparative evaluation against two conventional MIMO SMC
techniques. The comparison is conducted using the Integral
Norm of Error (INE) to assess tracking accuracy and the
Integral Norm of Control Action (INU) to evaluate the energy
efficiency of the controllers. These metrics provide a
comprehensive basis for analyzing both the precision and the
energy consumption of the proposed control strategy in relation
to established methods.

Keywords—Two-Link Manipulator; Sliding Mode Control;
Style; Component-Wise SMC; Model Uncertainties.

. INTRODUCTION

Robotics are becoming crucial in many industrial,
academic, and real-world applications [1]-[5]. The basic
requirements for manipulators control are rapid transient
response and precise tracking performance [6]-[9]. The
design of a robust controller with the required performance
for a robot manipulator is still a noteworthy challenge since
the robotic manipulator is typically a highly nonlinear system
with a coupled MIMO that can be affected by disturbances
and uncertainties in real-life [10]-[13]. These disturbances,
including joint friction, payload change, and external forces,
can lead to instability and influence system performance
[14]-[16].

Many control schemes, including fuzzy control [17]-[19],
optimal control [20], adaptive control [21]-[24], vision-based
control [25]-[27], PID control [28]-[30], shared control [31]-
[33], artificial neural network control [34]-[36], predictive
control [37]-[41], feedback linearization based control [42]-
[44], and sliding mode control [45]-[50], have been proposed
in recent years in existing research to achieve acceptable
control performance of robotics and manipulators. SMC has
attracted extensive research attention in controlling robotic
manipulators due to its robustness to external disturbances
and uncertainties, and fast transient response [51]-[52].
However, conventional MIMO SMC approaches tend to
employ a global sliding surface, which may not adequately
exploit the wunique dynamics of multi-link robotic
manipulators  [53]-[55]. Conventional MIMO SMC
approaches often simplify the design process by disregarding
system dynamics that are assumed to have negligible effects.
However, this simplification can result in the under- or over-
estimation of controller gains, which compromises the
robustness of the system. The implementation of MIMO
SMC approaches in real-life applications can be impacted by
its complex tuning and design methods. In addition, it is
required to design an efficient SMC that handles singularities,
chattering phenomena, and sluggish convergence while
handling the trajectory tracking problem of the manipulator.

To address the problems discussed above, an approach of
controlling each manipulator joint alone, called component-
wise SMC, can be used [56]-[58]. This approach can simplify
the control design and can improve the response time and
accuracy of robotic manipulators, especially when the
dynamic variations are critical. Practical implementation of
this approach poses challenges, particularly in determining
appropriate gains for each SMC channel. Solving the
associated set of inequalities may not always yield feasible
solutions for the controller gains [59].

This work presents a novel component-wise SMC
approach for trajectory tracking of a two-link manipulator
while addressing the aforementioned challenges. The
proposed approach simplifies the controller design procedure
to ensure a feasible solution for the SMC gain. Furthermore,
this work aims to design and validate a control approach that
maintains the desired performance even when there are large
uncertainties related to link masses. Two different
trajectories, circular and figure-8, are utilized in this paper for
the MATLAB-based simulations to evaluate the performance
of the proposed component-wise SMC with link masses
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uncertainties of 27%. Finally, to demonstrate the superiority
of the proposed control approach, the simulation results are
assessed in relation to conventional component-wise/MIMO
SMC approaches.

This paper's main contribution can be summed up as
follows:

e Establishing a rigorous and systematic framework for
component-wise SMC design and

e Developing a methodology for quantifying the maximum
permissible uncertainties in system dynamics under the
proposed component-wise SMC.

The arrangement of this paper is as follows. In Section 2,
the modeling of the planer two-link manipulator is provided.
The proposed sliding mode controller for manipulator control
is presented in Section 3. Results and discussions are given
in Section 4. The paper's conclusion is found in Section 5.

. TWO-LINK MANIPULATOR MODELING

A planar manipulator with two revolute joints is
considered in this study. Fig. 1 illustrates the manipulator
along with its associated variables.

YA

Yw

N

L
X X
Fig. 1. Two-link manipulator configuration: showing link lengths and
masses and joint displacements

A geometric analysis of Fig. 1 facilitates the derivation of
the forward kinematics for the two-link manipulator. The
end-effector position, denoted by (x,,y,) and coinciding
with the location of mass M, in the world coordinate frame

(x,y), is given by

X, = Ly cosqq + L, cos(q; + q;)

. . 1
Yw = Ly sing; + Lysin (q; + q2) @

where g, and g, represent the joint displacements, while L,
and L, denote the links' lengths. By solving (1) for the joint
displacements with respect to the end-effector position
(%w» Yw), the inverse kinematics is determined as follows

atan2(D, C)
—atan2(L,sing,, L; + L,cosq,) 2
+atan2(y,, x,,)

q2
q1

2.2 12 52
where C:%L“L2 and D = +V1—C2. The non-
142

uniqueness of this solution arises from the dual sign
possibilities inherent in the square root operation applied to
variable D. The function atan2(.) represents a four-quadrant
inverse tangent that returns values in the closed interval
[-m, m].

Utilizing a common modeling approach, such as the
Euler-Lagrange equations, results in the dynamic model,
described by [60].

)= ][]+ ) ®
with

my, = L2(M; + My) + LM, + 2L,L,M, cos q,
my, = LAM, + L;L,M, cos q,
My = L%Mz
my; My
M(q) = my mzz]
ny = —L1L,My(2G1G, — Q%)Sin‘h
n, = L1 L,M,q3sing,

v =[]

(4)

Observe that (4) lacks gravity terms since the manipulator
operates in a plane perpendicular to gravity. Henceforth, the
dependency of M(q) and N(q,q) on q = [q; q2]7 and
q = [4, 4,]" will be omitted for simplicity.

I1. PROPOSED SLIDING MODE CONTROLLER
By introducing the state variables z, = q,z, = ¢ and
defining the input vector u = [t 7,]7, the system in (3) is
recast in standard regular form

21222

z,=M'(u-N) ®)

Certain link lengths are assumed, meaning that the
uncertainties are only in M; and M,. These can be represented
as

Ml = Ml + 6m1,
M2 = Mz + 6m2,

[6m1] < C1M1

= (6)
[6mz| < c2M,

where M; and &,,; denote the nominal and perturbation values
of M; and §&,,,; respectively with i = 1,2 while c; e R, is a
positive constant, to be determined later.

Thus, the matrix N can be expressed as a nominal and
perturbation term as

N = (N, + 8y) (7

where

N. = —L1L,M3(241G, — G3)sing,
? L,L,M,x2 sin x,

Su = [_L1L25m2(2‘?1512 - Q%)Sin‘h]
N L1 L;8ppx% sinx,

(®)

Assume that the control action is defined by u = uy + ug
and let uy, = N, consequently, (5) transforms into
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21 =1Z
2y = M\ (u, — 8y) ®)

The matrix M is expressed as a nominal and perturbation
term as well

M=(M,+ 8y (10)
where
M M
M. = [ ol1 012
° Molz MoZZ

M011 = Lzl(Ml + Mz) + L%MZ + 2L1L2M2C05q2
MOlZ = L22M2 + L1L2M2C05q2

M,,, = LZZMZ
Oy = [61"'11 61"112] (11)
M 61"112 8M22

Oy, = Li(6m1 + Oz) + L58m, + 2L1 Ly 8mpc05q,
6M12 = L225m2 + L1L26m2COSq2
8M22 = L225m2
The matrix inverse lemma is adopted to determine the

inverse of matrix M as follows:

G=M," (12)

Substituting (12) in (5) yields

21 = ZZ 13
Z; = Gug + AGug + M~18), (13)

Let Gug, =V with V = [v; v,]T, then uy = GV =
M,V and (13) is described by

£ =2 14
z; =V+AGM,V + M 16y (14)

Let the sliding variable be defined as
s = [51 Sz]T = e + )‘e (15)

where 4 = diag(14,1;), A1, A, € R, are positive constants,
e=[e;e)T =2z,—71, and r = [r; 1,]7 is the reference
trajectory in the joint space.

LetV, = l512 be a Lyapunov candidate for s;, then
1 2

Vo, = 5181 = 51[10](é + 4€)

16

= 5.8 = 51(v1 +[10]AGM,V + (pl(.)) (16)
where ; () =[1 0JM 18y —# +A;q; — A;7y. Letv, =
—kysgn(s;) with k; € R, is a positive constant, then (16) is
modified to (17).

ISSN: 2715-5072 529
si81 < ~lsilGes = [1 O1IAGIIM,|IV] an
—les(OD
Choosing the gain k; as
ki =1 OJIAGIIM,|IV] + |1 (] + 1y (18)

where |@i ()l = [1  0IIM~|8y| + [#1] + A4 1qu ] + 4417 ],
n, € R, is a positive constant and the absolute values of
|AG|, |M,|, V|, IM~'|, and |8y| are to be understood
component-wise. Then, (17) is rewritten as

5181 < —Mylsql (19)

By considering V;, = %522 as a Lyapunov candidate for s,
and setting v, = —k,sgn(s,) with k, € R, is a positive
constant, and following the same reasoning as above, one
obtains

ko 2 [0 1]IAGIIM,||V] + |92 ()] + 12 (20)

where [, ()] = [0 11IM7H 85| + [75] + 221G2| + 22171,
n, € R, is a positive constant and

5285 < —M,ls;| (21)

Equations (19) and (21) indicate that the reachability
condition is satisfied, causing the error trajectories to be
directed toward the sliding surfaces s; and s, in finite time
and remain on them thereafter.

Combining (18) and (20) in the matrix form and noting
that |V| < K and K = [k, k,]7, yields

K = |AG||M,|K + |9()]
= K(I2x2 — |1AG||1M,]) = [@(.)] (22)
= K=>§9()l

where  § = Ipp — |AG||M,| and |@()] = IM~1||8y] +
[11(|CI1| + 710 + 7] + 14
A (G2 + 172]) + 1751 + 12

Remark 1: The only feasible solution for K in (22) is the
positive one, indicating that every element of K is positive.
This is evident from the assumptions underlying the design
of K.

Remark 2: For K to be a feasible solution, the matrix &1
must have all positive elements, given that the elements of
the vector |@(.)| are positive. This requirement reduces to
the condition that & be symmetric and positive definite,
ensuring that each element in its inverse, =1, is positive.

Finally, the control action is reformulated as
u=M,V+u, (23)

To determine the maximum uncertainty ranges, &,,; and
dma2, that the proposed method can accommodate, adhere to
the following three steps:
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1. Initialize §,,; and §,,, to small values

2. Determine the maximum value of AG in terms of 2- norm
using (12) across the ranges 8,,1 = [—8m1, Sm1], Sz =
[8m2, 8mz], @nd g, = [0, m]. It is important to note that
M, is calculated with g, = m/2 to obtain the maximum
permissible uncertainty values for 6,,; and &,,,.

3. Check weather & is symmetric positive definite. If true,
increase 8,,,, and ,,, by appropriate values and go to step
2; otherwise, consider the last AG, &,,; and &,,, values
that satisfied the specified condition.

V. RESULTS AND DISCUSSION

The simulation of the presented two-link manipulator and
the proposed component-wise SMC is implemented using
MATLAB 2023a Simulink. The parameters used in the
simulation are listed in Table I.

TABLE I. PARAMETERS OF THE MANIPULATOR AND PROPOSED
CONTROLLER USED IN THE SIMULATION

Parameter Value
M, 10 kg
M, 1kg
Ly, L, 1m
Sma 0.27M,
Sz 0.27M,
AL, 5
-1
G = M, (with q, = 7/2) [112 ﬂ
—0.0159 —0.0119
AG [—0 011;9 0 4197]
1 0.0750 0.1028
IM~| = 16 + AG] [0.1028 1.5106]
N1, 12 0.01

Note that the values for 6,,,, 6,2 and AG in Table | are
calculated using the three steps outlined above.

To verify the effectiveness of the proposed controller, two
simulation scenarios are investigated. In the first scenario, the
manipulator is required to track a circular trajectory,
characterized by a center (x4, y4,) and radius 7, expressed
in world coordinates (x, y) as [60]

xq(t) = Xa. + r c0sYq
Ya(t) = ya, + 1450y (24)
Ya(t) = 2mt/ty —sin(2mt/t;), 0<t<t;.

In this scenario, the operational timeframe is initiated at
t =0andterminatesatt = t;.

In the second scenario, the manipulator is tasked with
following a figure-8 trajectory, characterized by a center
(Xq, Ya.), length 1y and width w,, expressed in world
coordinates (x,y) as

xq(t) = xq, + lgcosthg
Ya(t) = ya, + wysinpycosypy (25)
Ya(t) = 2mt/ty —sin(2mt/t;), 0<t<t.

It is important to note that x,;(t) and y,(t) in (23) and
(24) are converted to the desired values in the joint space

using (2). In this scenario, the operation is initialized at time
t = 0 and concludes at the terminal time ¢t = t,. The
parameters for the two trajectories are selected as indicated in
Table II.

In the two proposed scenarios, the discontinuous
controllers are approximated to mitigate chattering by

—k,tanh(1000s;)
—k,tanh(1000s,).

\41
V2

(26)

TABLE Il. PARAMETERS OF THE DESIRED CIRCULAR AND FIGURE-8

TRAJECTORY
Parameter Value
XagYa, 1m
T4 05m
ly 0.25m
wy 0.25m
tr 5 sec

Three cases are considered: 1) when there is no
uncertainty in M; and M,, 2) when there is +27% uncertainty
in M; and M, , and 3) when there is -27% uncertainty in M;
and M,. In the first scenario, the initial position of the end
effector is at (xq, y,) = (1.3 m, 1.2 m). Fig. 2 (left) presents
the desired and actual trajectory of the manipulator’s end
effector in Cartesian space when there is no uncertainty and
27% uncertainty in M; and M,. The proposed controller
shows superior tracking performance with a very small
tracking error in each case. The tracking errors in joint space
for each case are demonstrated in Fig. 3 (left). The control
actions for every case are shown in Fig. 4 (left). Table 111
presents the performance indices used to demonstrate the
superiority of the proposed controller over the two MIMO
controllers introduced in [60] under nominal links’ masses
conditions. It is evident that the proposed controller achieves
the lowest INU and the smallest peak values of control action,
indicating its enhanced energy efficiency. Additionally, the
proposed controller exhibits a smaller INE compared to the
component-wise controller in [60]. While the vector control
achieves a marginally smaller INE than the proposed
controller, this comes at the cost of significantly higher
energy consumption, thereby establishing the proposed
controller as superior to both alternatives in terms of
balancing accuracy and energy efficiency.

TABLE Ill. CONTROL SIGNAL PEAK VALUES OF THE PROPOSED
CONTROLLER AND THE ONES PROPOSED IN [60]

Peak value of

Control method INE INU .
control action
Proposed component-wise 0.0616 43,505 58 Nm
controller
COmpO”er;tn"’[‘gg‘i controller |4 5705 | 96.2046 92 Nm
Vector control in [60] 0.0605 4935.51 2000 Nm

The sliding manifolds for the three cases are presented in
Fig. 5 (left). As can be noticed, once the trajectory enters the
manifold, it remains on it, indicating that the chosen values
of k; and k, are sufficient. The sliding manifold in the
component-wise controller presented in [60] demonstrates a
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behavior where it intersects the zero line and subsequently
reverts to it. This observation implies that the controller gains
utilized in the design may be insufficient or improperly
calibrated. Fig. 6 (left) depicts the controllers' gains for all
cases. As demonstrated in Fig. 6 (left), the controller gains
remain consistent across all cases once the trajectories enter
the sliding manifolds. This behavior highlights the efficacy
of the method used to determine the controllers' gains and
underscores the robustness of the proposed controller in
handling uncertainties related to the mass of the links.

In the second scenario, the initial position of the end
effector is at (xq,y,) = (1.3m,1m). Fig. 2 (right)
illustrates the desired and actual trajectories of the
manipulator's end effector in Cartesian space under the
following conditions: with no uncertainty and 27%
uncertainty in M; and M,. The proposed controller
demonstrates excellent tracking performance, exhibiting
minimal tracking error in all cases. The tracking errors in
joint space for each case are depicted in Fig. 3 (right). The
control signals for all cases are shown in Fig. 4 right). The

1.6 T T T T .

Desired trajectory
Actual triectory with 0% uncertainty

Actual trjectory with 27% uncertainty
Actual triectory with -27% uncertainty

N

1.2

0.8

0.6

0.4 0.6 0.8 1 1.2 1.4 1.6
x (m)

sliding manifolds for the three cases are presented in Fig. 5
(right). As can be noticed, once the trajectory enters the
manifold, it remains on it, indicating that the chosen values
of k,; and k, are sufficient. Fig. 6 (right) depicts the
controllers' gains for all cases.

The controller exhibits robust performance in tracking
both circular and figure-8 trajectories, demonstrating
minimal tracking error and control effort. Notably, the figure-
8 trajectory, characterized by its complex curvature, posed a
more demanding challenge. Nevertheless, the controller
maintained its effectiveness, even in the presence of mass
uncertainties. These results highlight the controller's ability
to handle diverse trajectory profiles. While the computational
complexity of the proposed controller may be higher
compared to the methods presented in [60], it offers
significant advantages. Notably, the proposed controller
guarantees robust stability and performance under link
masses uncertainties. Furthermore, its computational burden
can be significantly reduced by pre-computing the inverse of
the matrices involved in the control gains.

1.2 T
Desired trajectory
Actual trajectory with 0% uncertainty
115+ Actual trajectory with - 27% uncertainty ]
° Actual trajectory with -27% uncertainty
11k \ .
—~ 1.05 R 1
g
= 1.12502
> gt 1.125 ]
1.12498
0.95 - b
09r b
I I I

0.5 1 1.5

Fig. 2. Desired and actual trajectories of the manipulator’s end effector in Cartesian space when there is no uncertainty and 27% uncertainty in M; and M,.

Circular trajectory (left) and figure-8 trajectory (right)

0.14 . V(C) Error signalI

e, signal with 0% uncertainty

0.12

e, signal with 0% uncertainty
e, signal with 27% uncertainty

————— ¢, signal with 27% uncertainty

0.1

e, signal with -27% uncertainty

———— e, signal with -27% uncertainty

0.08 <10 i

0.06

e1, e (rad)

0.04

0.02

4.2 4.4 4.6 4.8

Time (sec)

(D) Error signal
T T

%1074 /

-0.05 + - 8
4.6 4.7 4.8 4.9

e, e (rad)

e, signal with 0% uncertainty
e, signal with 0% uncertainty
e, signal with 27% uncertainty
e, signal with 27% uncertainty

e, signal with -27% uncertainty

e, signal with -27% uncertainty

-0.1

—

0 1 2 3 4
Time (sec)

Fig. 3. The tracking error trajectories in joint space with and without link masses uncertainties. Circular trajectory (left) and figure-8 trajectory (right)

Mohammed Qasim, Design of a Robust Component-wise Sliding Mode Controller for a Two-Link Manipulator



Journal of Robotics and Control (JRC) ISSN: 2715-5072

532

60 ; : : : : 50

u, signal with 0% uncertainty

e u, signal with -27% uncertainty

u, signal with -27% uncertainty

40 2 u, signal with 0% uncertainty
4 u, signal with 27% uncertainty
2 —, signal with 27% uncertainty
30r
-2
4

uy, us (Nm)
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Fig. 4. The control actions when th 0% and 27% rtainty in link ses. Circular trajectory (left) and figure-8 trajectory (right
07 T T T T T T T T T 0.1 T T T T
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-0.21 1
& &
@ 5 5
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041+ e $, Wit 0% uncertainty 4
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s, with -27% uncertainty
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Fig. 5. The sliding manifolds for the three cases. Circular trajectory (left) and figure-8 trajectory (right)

50 T T T T 35 T T T T
e Ky With 0% uncertainty k, with 0% uncertainty
' — /o
9
45 L k2 with 0% uncertainty i . kz with 0% uncertainty
10 k, with 27% uncertainty "
—— k1 with 27% uncertainty 30 - k1 i 27% unceriany 4
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5 W o uncertainty 2 e k, With -27% uncertainty
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1 2 4
0 8 5 0 1 2 3 4 5
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Fig. 6. The controllers’ gains under 0% and 0% link masses uncertainties. Circular trajectory (left) and figure-8 trajectory (right)
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V. CONCLUSION

A component-wise SMC controller was developed for a
two-link manipulator. The uncertainty conditions that led to
feasible controller gains are thoroughly analyzed. The
proposed methodology exhibited robustness to mass
uncertainties of up to 27% in the manipulator's links,
indicating its suitability for controlling a two-link
manipulator operating within this uncertainty bound. The
efficacy of the proposed controller was assessed using two
distinct trajectories, circular and figure-8, under both nominal
conditions and with 27% mass uncertainty in the system's
links.  Simulation outcomes demonstrated enhanced
trajectory tracking performance with comparatively modest
control inputs when contrasted with other component-
wise/MIMO sliding mode control methodologies, despite the
fact that these methods neglected the consideration of link
masses uncertainties in their analyses. Notably, the
computational complexity of the proposed controller is
relatively low due to the fact that the inverse of the matrices
in the gain equation can be pre-computed offline. Future
work will focus on the experimental validation of the
proposed controller on a real two-link manipulator and its
extension to more complex serial and parallel manipulators.
Additionally, A promising area for future research is to
evaluate the controller's performance in the presence of
external disturbances and high-frequency noise.
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